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1 Introduction 

Higher spin gauge theories have attracted considerable interest during the 
last decade. Other than being a fascinating topic by itself, Higher Spin field 
theory has attracted a significant amount of attention due to its close relation with 
string - and M - theory. 

The study of higher spin gauge theories is notoriously difficult and demanding. 
Even for free higher spin gauge fields it is highly nontrivial to construct Lagrangians 
that yield higher spin field equations with enough gauge invariance to remove non- 
physical polarizations - ghosts - from the spectrum. Moreover, the requirement of 
gauge invariance severely restricts the possible gravitational backgrounds where free 
fields with spin greater than two can consistently propagate. To date, only constant 
curvature backgrounds - Minkowski, de Sitter (dS) and Anti-de Sitter (AdS) spaces 
- are known to support consistent propagation of higher spin gauge fields. 

Interacting higher spin gauge fields are much harder to deal with. An important 
landmark was reached with the understanding of [1] - [2] that the AdS background 
can accommodate consistent self - interactions of massless higher spin fields. An 
important property of this construction is that the coupling constants of massless 
higher spin interactions are proportional to positive powers of the AdS radius and 
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therefore the naive flat space-time limit cannot be defined. This picture has two 
crucial features: the presence of an infinite tower of massless higher spin fields and 
nonlocality. 

The results of [1] [2] have been obtained in the "frame-like" formulation of 
higher spin fields, which is a highly nontrivial generalization of the MacDowell- 
Mansouri-Stelle-West [3]- [4] formulation of Anti de Sitter gravity and the higher spin 
fields are encoded in generalized vierbeins and spin connections. It seems therefore 
to be of extreme importance to understand the results of [1] - [2] in terms of the so 
called "metric-like" formulation of the higher spin fields, where the basic objects are 
"customary" tensor fields of arbitrary rank and symmetry. 

In the present review we concentrate mainly on the gauge invariant "metric-like" 
formulation of the free and interacting higher spin fields [5]-[29] (see [30]-[47] for ear- 
lier work). Particular emphasis will be made on the method of BRST constructions 
[5]-[21], which is analogous to the BRST approach in Open String field Theory [48]- 
[49]. The BRST method is based upon the principle of gauge invariance. Namely, 
the free Lagrangians must possess enough gauge invariance to remove nonphysical 
states-ghosts- from the spectrum, while interactions are constructed via consistent 
deformations of the "free" abelian gauge transformations. 

There is however a crucial difference from string theory. In string theory the in- 
finite dimensional conformal symmetry of the two dimensional world-sheet is trans- 
lated into space-time gauge invariance, by building the corresponding BRST charge 
in terms of Virasoro generators and constructing the corresponding field theory La- 
grangian. In the BRST approach for higher spin gauge fields the only constraint we 
impose is that of gauge invariance, since the corresponding world sheet-description 
is not known yet. One can try, however, to find a connection with the "high energy 
limit" [50]- [53] of string theory, at least as a formal tool for a better understanding 
of interacting higher spin fields. The studies in this direction are far from complete, 
and the best we can do here is to present a nontrivial model of interacting higher 
spin fields, derived from Open String Field Theory (OSFT). 

We will start our discussion from the construction of various free Lagrangians 
for massless and massive bosonic higher spin fields, which belong to reducible and 
irreducible representations of an arbitrary dimension Poincare and Anti de-Sitter 
groups. In the second part of the review we turn to the interactions and discuss the 
general method as well as particular examples of the interactions between higher spin 
fields. In the last part of the paper we shall briefly describe the case of half-integer 
higher spin fields. 

Until now several excellent reviews on the subject are available [54] . We believe 
that the present one along with [55] will provide a useful completion to the already 
existing ones. As we have already mentioned this is not a comprehensive review and 
therefore many important and interesting topics have not been included here such as 
(apart form the "frame-like" formulation of higher spin fields mentioned above [1] 
[2], see also [56]) 

• The nonlocal formulation [8]- [9], 
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• The method of tensorial (super)spaces [5 7] -[5 9] 

• The method for construction of cubic interaction vertices in the light -cone 
gauge [60] 

• Topics of AdS/CFT correspondence [61]-[72] 

• Fields belonging to irreducible representations of Poincare and AdS groups 
with mixed symmetry [73] -[82] 

• Partial masslessness of higher spin fields [83] 

• Connections to matrix models, brane world scenario and other implications 

[84]-[86] 

2 Free Massless Fields 

2.1 Reducible representations of the Poincare group 

Let us start with the simplest example of massless reducible representations of the 
Poincare group. The field we would like to describe is a tensor field of arbitrary rank 
s, completely symmetric in its indexes or in other words, a field with spin s. Since 
the field is massless it has to satisfy the Klein-Gordon equation 

□VW..^)=0. (2.1) 

Further, in order not to have propagation of states with negative norm- ghosts , the 
higher spin field should satisfy the transversality condition 

<^VW.^)=0. (2.2) 

Our aim is therefore to construct a free Lagrangian which gives the mass-shell and 
transversality conditions as a result of its equations of motion. 

The simplest example of this construction is the Maxwell field in arbitrary D 
dimensional Minkowski space-time described by the Lagrangian 

C = A^UA* - A^d v A v (2.3) 

which is invariant under the gauge transformations 

<L4» = d,\. (2.4) 

One can further impose the Lorentz gauge condition 

d^A^x) = (2.5) 
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which is consistent with on-shell gauge invariance, provided the parameter of gauge 
transformations is constrained as □A(x) = 0. After imposing the Lorentz gauge 
condition the Maxwell field satisfies the usual Klein-Gordon equation 

OA^x) = 0. (2.6) 

The residual gauge transformation with the restricted parameter A and the transver- 
sality condition remove nonphysical polarization and one is left with only physical 
polarizations which satisfy massless Klein -Gordon equations. 

Our aim is to generalize this construction to the case of arbitrary spin. In order 
to achieve this let us introduce an auxiliary Fock space spanned by oscillators « M 
and a+ which satisfy commutation relations 

[<*i»<xt] = V> 9^ = diag(-l,l,...,l) (2.7) 
and consider a state in this space 

m = ^ WM2 ..^(x)« + ' w a + ^...a + ^|0) Q (2.8) 

with 

og0) Q = 0. (2.9) 

In this auxiliary Fock space differentiation and trace operations are realized via the 
operators 

k = pPpp, It = h = = ~ id ^ ( 2 - 10 ) 

M+ = M = ia'V (2.11) 

{h^=lt, (M) f = M+. (2.12) 

It is straightforward to check that the action of operators (2.10)- (2.11) on the state 
(2.8) is translated to the action on a symmetric tensor field $ M1#2 ,.. ffj (s) as follows 

W^-n<W^ (2-13) 

*i|*> - -^<tW. Ms , l tm - -id { , 8+ ^ ms) (2.14) 

M|$) - M+|$> -> g ( ^^ s+2) . (2.15) 

In order to describe reducible massless higher spin modes it is enough to consider the 
operators lo,h, If - The reason behind this is that was mentioned above at the end 
the physical field should satisfy massless Klein-Gordon and transversality conditions. 
These conditions are described by the equations 

/o|$) = /i|$) =0, (2.16) 
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while the operator If should be included because it is hermitian conjugate to l\ and 
we would like to have a hermitian Lagrangian. We can compute the algebra between 
l , l\ and If which is 

M+]=Z , [Zf , /o] = 0. (2.17) 
The commutation relations with the operators are 

[M,lf}=l 1} [h,M + ] = lf (2.18) 

The next step is to construct a nilpotent BRST charge for this system of opera- 
tors. The reason is that having obtained a nilpotent BRST charge Q 2 = it is 
straightforward to construct the gauge invariant hermitian Lagrangian of the form 
which is invariant under the gauge transformations = Q\A). Following 
the standard method* we introduce Grassman - odd ghost variables Co,cf,Ci with 
ghost number one and corresponding momenta bo, b\, bf with ghost number —1 with 
the only nonzero anti commutation relations 

{c ,b } = {c l ,bf} = {cf,b l } = l. (2.19) 

For the system at hand the BRST charge has the simple form 

Q = c l + Cl lf + cfh - cf Cl b , (2.20) 

which obviously satisfies the nilpotency property Q 2 = 0. Finally, before obtaining 
an explicit form of the Lagrangian one needs to define a ghost vacuum, which is 
taken conventionally as 

b \0) gh . = Cl \0) gh . = 6i|0) fffc . = (2.21) 

while the other ghost variables act as creators. This choice is clear from the form 
of terms linear in ghosts in the BRST charge (2.20). Indeed we would like the 
operators Iq and l\ to annihilate the physical states, when considering Q\<&) = as 
the equations of motion and therefore the choice of Co and cf as creators is natural. 
Therefore bo and b\ are annihilators. We choose bf as creator and therefore C\ as 
annihilator because one needs one creation operator with ghost number —1 to assign 
proper ghost numbers to the basic field and gauge transformation parameters as we 
shall see in a moment. We define a Fock vacuum in our enlarged space as 

|0) = |0) a ®|0) flfc . (2.22) 

Then one can write a gauge invariant Lagrangian 

L = J rfc ($|Q|$) (2.23) 

*If Grassman even operators Gi form a Lie algebra [Gi, Gj] = U^Gk, with being structure 
constants then for each operator d one introduces a pair of Grassman - odd variables Cj and 
bi with anti-commutation relations {ci,bj} = Sij and then constructs a nilpotent BRST charge 
Q = CiGi + ^UfjCjCibk. 
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which leads to the equations of motion 



Q\$) = 0, (2.24) 

and is invariant under gauge transformations 

8\$) = Q\A). (2.25) 

From the previous equations it is simple to obtain the general form of |<J>) and |A). 
Indeed, the Lagrangian must have ghost number zero. The Grassmanian integration 
(i.e., differentiation) over the variable Co has ghost number —1, while the BRST 
charge has ghost number +1 as can be seen from (2.20). Therefore, the field |$) 
must have ghost number zero. Since |<E>) has ghost number zero and Q has ghost 
number +1, then |A) must have ghost number —1. Finally, one has 

\$) = \^ + cibi\D) + c bi\C) (2.26) 

|A>=6+|A> (2.27) 

where the fields \ip), \D), \C) so named triplet in [9], [11], (see also [40], [76] for earlier 
work ) depend only on the oscillators a+ and have ghost number zero. Putting the 
expansion (2.26) into the Lagrangian (2.23), integrating over the bosonic ghost zero 
mode c , according to the rules 

J dco(0|c |0> = 1, J dc o (0||0) = (2.28) 

and performing normal ordering for the rest of the ghost variables, thus effectively 
integrating them out, (for example (A\bic{\B) = (A\\B), {A\dbt\B) = (A\\B), 
(A\b lCl c~ibi\B) — —(A\\B) ) one obtains the Lagrangian 

C = {<p\l \<p) - (D\l \D) + (C\\C) 

-(<p\lt\C) + (D\h\C) - (C\h\<p) + (C|J+|£>) (2.29) 

and equations of motion 

lo\<p) = lt\C) (2.30) 

l \D) = h\C) (2.31) 

\0)=lt\D)-h\<p) (2.32) 
while the gauge transformation rule (2.25) gives 

%> = Z+|A>, 5\D) = h\\), 5\C) = l \\). (2.33) 

These equations are simple to derive. For example the gauge transformation rules 
(2.33) can be easily obtained from the explicit form of the BRST charge (2.20) acting 
on (2.27) namely 

g|A) = (/+ + c 6+/ + c+6+/ 1 )|A). (2.34) 
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Comparing this with (2.26) one gets (2.33). 

From the equations of motion (2.30)-(2.32) and the gauge transformation rules 
(2.33) one can easily obtain the a+ oscillator content of |</?), |C), \D) and |A). Since 
the operators lf,l ,li have +1,0, and —1 oscillator numbers respectively one can 
conclude that 

\<p) = ^..^(x)a + ^...a + ^ |0) (2.35) 

I D > = (7^2)! D " 1 -" s - 2 (x)a+ '" 1 ■ ■ ■ a+ '^ 2 Ct bt |0) (2,36) 
\ C ) = j^^C, 1 ..., a _ 1 (x)a + ^...a + ^bt |0), (2.37) 
while the corresponding gauge transformation parameter |A) is, 

|A> = 7 ^^ A ^ 2 ..., s - 1 W« + ' Ml ---« + ' Ms - 1 ^|0). (2.38) 

One can easily rewrite the gauge transformation rules, the Lagrangian and the equa- 
tions of motion in tensorial notation. For example to obtain the Lagrangian one has 
to put expressions (2.35)-(2.37) into the Lagrangian (2.29) and perform the normal 
ordering with respect to the oscillators a+ and a M . The result is 



ic^-^C^...^. (2.39) 



In a similar manner^ 



° D^ 2 ...^ 2 = 9" s - 1 ^ 1 ,,.. /la _ 1 , (2.40) 



and 



MlM2 .../i s -2 = ^ S 1 ^-M1M2--Ms-1 • (2-41) 

Finally let us discuss the spectrum of the system. Obviously the Lagrangian con- 
tains auxiliary fields alongside with physical ones. The field C is obviously auxiliary 



§In our notations the symmetrization is without a factorial in the denominator, for example 
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since it can be integrated out via its equations of motion. The field D has the wrong 
sign kinetic term. However it does not propagate since it is "pure gauge". As a 
result one can show that the only physical polarizations are transverse components 
of spin s, s — 2, ...1/0, depending on whether the rank of the tensor p is even or odd, 
described by the traceless parts of tp, tp' — 2D . . . respectively. 

It is instructive to demonstrate the gauge fixing procedure with a simple example 
for a field ip of rank 2. The case of an arbitrary spin can be treated in a completely 
analogous way. For a spin-2 triplet there should exist a field tp^ of rank 2, a field 
Cfj,(x) of rank 1 and a field D(x) of rank zero. The triplet equations take a rather 
simple form in this case [9]: 

□W = d » c » + d » c n ( 2 - 42 ) 
C, = d v p» - d,D (2.43) 
UD = d^. (2.44) 
The system is invariant under the gauge transformations 

5tp^ = d^ + d^, <5C M = DA M , 5D = d^. (2.45) 

Let us also introduce a traceless field <p^ u 

<Pn» = W - ^,9nv<p\ <P = ^W- ( 2 - 46 ) 

In order to see the physical polarizations described by these equations one can use 
the light-cone gauge fixing procedure i.e., eliminate <p++, <p+i and y5 + _ of the field (p^ u 
using the gauge transformation parameter A M . The other nonphysical polarizations 

(p , <p_i as well as the field are eliminated by the field equations. Therefore, one 

is left with the physical degrees of freedom (p^ = 1, V — 2) which correspond 
to the spin 2 field and a gauge invariant scalar 

D = <p - 2D. (2.47) 

The "orthogonal" scalar D = D — j^ip' is "pure gauge" and does not propagate. 
Therefore we have obtained a gauge invariant Lagrangian description of two free 
fields with spins 2 and 0. 

It is an even simpler exercise to show that for a triplet with spin 1 one obtains the 
usual Maxwell Lagrangian, after elimination of the only auxiliary field C. Indeed, 
the Lagrangian (2.39) takes the form 

c = - 1 - (a^xav) + c - \ c 2 - ( 2 -48) 

and after elimination of the field C via its equation of motion C = <9^y? M (compare 
with (2.5)) one obtains the usual Maxwell Lagrangian. 
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String theory derivation 

A formal way [41] to construct the nilpotent BRST charge of the previous sub- 
section is to start with the BRST charge for the open bosonic string 

+00 1 

Q= ]T (C- k L k — -{k - I) : C- k C-iB k+ i :) - C , (2.49) 

k,l=— 00 

perform the rescaling of oscillator variables 

c fc = V2a'C k , b k = -i=B k , c = a'C , b = —B , (2.50) 

V 2a oc 

— > Vkap. 

and then take a' — > 00. In this way one obtains a BRST charge 

Q = c / + Q - b M (2.51) 

00 00 

Q = E( c *tf + M = Y,4ck, lo=P»P„ / fc + =P M < (2.52) 

fc=i fc=i 

which is nilpotent in any space-time dimension. The oscillator variables obey the 

usual (anti) commutation relations 

[a*, = 5 fc V, {c fc '+, 6'} = {c fc , = {c fe , 6 } = 5 M , (2.53) 

and the vacuum in the Fock space is defined as 

a£|0)=0, c fc |0) = k>0, b k \0) = k > 0. (2.54) 

Let us note that one can take the value of k to be any fixed number without affecting 
the nilpotency of the BRST charge (2.51). Fixing the value of k to be k = 1 one 
obtains the description of totally symmetric massless higher spin fields, with spins 
s, s — 2, ..1/0 of the previous subsection, whereas for an arbitrary value of k one has 
the so called "generalized triplet" 

ct ...ctbt... bt , , c ct . . .ct bi . . .bf , , 
m = J, J^H k^l) + fcl ^IC^XJ, (2.55) 

where the vectors \D^'"fj) and \C^'"fj) are expanded only in terms of oscillators 
a k + , and the first term in the ghost expansion of (2.55) with p = corresponds 
to the state \ip) in (2.26). One can show that the whole spectrum of the open 
bosonic string decomposes into an infinite number of generalized triplets, each of 
them describing a finite number of fields with mixed symmetries [11]. In other 
words we can actually justify the way the BRST charge for generalized triplets was 
obtained from the BRST charge of the open bosonic string since its cohomology 
classes correctly describe the degrees of freedom of massless bosonic fields belonging 
to mixed symmetry representations of the Poincare group (see e.g. [11]). So taking 
the point of view that, in the high energy limit the whole spectrum of the bosonic 
string collapses to zero mass, which becomes infinitely degenerate, one can take the 
BRST charge (2.51) as the one which correctly describes this spectrum. 
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2.2 Reducible representations of the AdS group 

The description of the reducible massless representations of an arbitrary T> dimen- 
sional Anti de Sitter group follows the same lines as for the case of reducible massless 
representations of the Poincare group [36], [11], [12]. 

Here we give some basic definitions concerning V dimensional Anti de Sitter 
space. More detailed treatment can be found in [75] or in reviews [87]- [88]. 

AdS space is a vacuum solution of Einstein equations with a negative cosmological 
constant. Its Riemann tensor has the form 

Rpupa — ~J~2 i.9pp9va ~ 9up9pa) , (2.56) 

where L is the AdS radius, L — > oo corresponds to the flat space-time limit and 
is the metric of AdSv- It is convenient to represent V dimensional AdS space with 
coordinates (fx = 0., ..,V — 1) and signature (1,V — 1) as a hyperboloid in V + 1 
dimensional flat space with signature (2, X> — 1), parameterized by coordinates y A 
(A = 0., ..,T>). The coordinates in this ambient space obey the condition 



VABV A y B = -L 2 , T]ABV AB = V + 1, T]AB =(-,+,+...+, -)■ 



(2.57) 



Therefore, the isometry group is a pseudo-orthogonal group of rotations SO(V—l, 2) 
and the AdS space itself is isomorphic to the coset SO(V — 1, 2)/SO(V —1,1). In 
order to simplify the equations we set the radius of the AdS space to unity and 
restore it when writing down the field equations. 

The AdS isometry group is noncompact and therefore its unitary representations 
are infinite dimensional. In order to build them it is convenient to rewrite the 
SOp- 1,2) algebra 



[Jab, Jcd] — Vbc-Jad — Vac-Jbd — Vbd-Jac + Vad-Jbc, 

Jab = —Jba, {Jab) + = —Jab-, 
in a different form. Namely, after taking the following linear combinations 

J a = (~iJoa ± Jva), a = 1, ...,£>- 1 



H = iJ, 



0T>, 



one obtains the commutation relations 



± 



H,J* 



= ±J. 



± 



as well as 



J-, J+] = 2(H5 ab + J ah ) 

[Jab, J±c] = hcJ±a — S ac J±b- 
[Jab, Jcd] = VbcJad ~ VacJbd ~ VbdJac + VadJbc- 



(2.58) 



(2.59) 
(2.60) 



(2.61) 
(2.62) 
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From these commutation relations one can conclude that the AdS isometry group has 
a maximal compact subgroup SO (2) ®SO(T>— 1), spanned by generators H and J a b 
respectively. These operators correspond to one dimensional and V — 1 dimensional 
rotations. The operator H is the energy operator on AdS while time on AdS is 
defined as the variable conjugate to H . Therefore, the time variable is compact and 
energy eigenvalues are quantized having integer values in order for a wave function 
to be single valued 1 . The quadratic Casimir operator in this basis has the form 

C 2 = -\.J ab Jab = H(H-V + 1)- \.J ah J ab - J+ J" (2.63) 

Infinite dimensional unitary representations of the AdS group are obtained from the 
"lowest weight states" \E , s), which is a representation of SO (2) <8> SO(V — 1). The 
latter therefore is characterized by its energy eigenvalue and a Young tableaux with 
labels s = (si, S2, ••, s fc)> k = A lowest weight state is annihilated by all 

operators J~ 

J-\E o ,s) = 0. (2.64) 

Then the other states of each representation are obtained by successively applying 
operators on the lowest weight state 

JiJi~JZ\Eo,8) (2.65) 

The crucial point is that representations obtained in this way do not always have a 
positive norm. Therefore, when building new states with the help of operators 
one has to check their norm. For some special values of E and s the norm is equal 
to zero. There is a unitarity bound on the energy E below which the states get 
negative norms and should be excluded form the physical spectrum. The unitarity 
bound is saturated (norm of states becomes zero) for states with E and s related 
via 

E = si + V - ti - 2 (2.66) 

where t\ is the number of rows of maximal length S\ in the corresponding Young 
tableaux.". The states which saturate the unitarity bound are identified with mass- 
less fields on AdS space - time. These states decouple from the original multiplet 
along with their descendants since their scalar product with the other states is zero. 
This effect is known as a 'multiplet shortening" and it is interpreted as an enhance- 
ment of gauge symmetry. 

^However, for physical applications one usually considers the covering space of AdS, where time 
is uncompactified [87] 

"There might be some extra states which saturate the unitarity bound. For example in the case 
of V = 4 there are two states for scalar massless fields with E = 1 and E — 2. These states have 
the same quadratic Casimir operator but correspond to different asymptotic behaviour on the AdS 
boundary [89] 
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Fields whose energy is above the unitarity bound are massive representations 
of AdS space. Both massive and massless fields on AdS have flat space - time 
counterparts i.e., one can take the usual flat space limit to obtain massless and 
massive fields propagating through Minkowski space-time. However there is one 
more type of field on AdS, which have no flat space -time analogue. These are called 
singletons. For example the unitarity bound for a spinless singleton is E = \{T> — 3). 
Singletons do not admit a proper field theoretical description in AdS bulk, rather 
they are described as boundary degrees on freedom. 

Let us turn to a field theoretical description of massless fields on AdS-p- In order 
to obtain wave equations describing massless fields with an arbitrary integer value of 
spin on an AdS background one has to find a relation between the quadratic Casimir 
operator and the D'Alembertian. The result for totally symmetric representations 
of an AdS group i.e., when s = (s, 0, ..0), is [23] 

(V*- ( *- 2)( y P -W A M = 0. (2.67, 

where 

yA = & AB 9 9 AB = AB + V^^ y 2 = ^ 

A possible way to see where the condition (2.67) comes from, is to introduce a 
auxiliary Fock space spanned by a set of oscillators 

[a A ,a B+ ] = r) AB , (2.69) 

and consider a state in this Fock space 

m = ^F AlA2 ... As a A i + a A > + ...a A ° + \0). (2.70) 
si 

The generators of SO(2,V — 1) can be represented as 

jAB = L AB + M AB^ ( 2J1 ) 

where the orbital part L AB and spin part M AB have the form 

L AB = y A v B _ yBy A M AB = Q A + Q B _ Q B + Q A ^ 

A field |$) in this Fock space is required to satisfy the mass-shell condition 

(V 2 -m 2 )|$) =0, (2.73) 
where m 2 is a "mass - like " parameter to be determined, divergencelessness condition 

a A V A \®} =0, (2.74) 

and transversality condition 

y A a A \<5>) =0. (2.75) 
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The requirement of invariance of these equations under gauge transformations 

=a A+ V A \A 1 ) + y A a+\A 2 ) (2.76) 

leads to the mass-shell equation (2.67). If one computes the explicit form of the 
quadratic Casimir operator in terms of realization (2.71)-(2.72), one finds its eigen- 
values < C2 >■ Comparing equation 

(C 2 - <C 2 >)|$) = (2.77) 

with (2.67) one obtains the expression for the unitarity bound in an alternative way. 
Using the formulas given in the Appendix and the relations 

V^,..„ = |^--§^(V A + {V + s)y A )<b AAl ... As , (2.78) 
V(mi^...m.) = ^-^:(d(A^A 2 ...A s ) + (s- l)y\ Al M$ AA3 ... As) ), (2.79) 

= ^...^{V 2 ^ Al ... As -s^ Al ... Aa +2sd {Al y A ^ AA2 ... As) 

+s(s - l)y A y\ AlA ^ABA 3 ...A 3 )), (2.80) 

0^ Al ... As = V 2 4%...a s (2.81) 

one can relate equations in the x and y spaces. For example, the massless Klein 
-Gordon equation in the "y- space" (2.67) when written in the "x- space" is 



, n _ {s . 2)(s+ v- 3) - S )F ^ (x) = o (282) 



where □ is the D'Alembertian of the AdS space-time. Below we shall work in the 
"x- space" [11], the corresponding equations in the "y- space" can be found in [36], 
[12]. 

In order to describe a triplet on V dimensional Anti de-Sitter space it is conve- 
nient to introduce the set of oscillators (a M+ ,a M ), which can be obtained from the 
ones in (2.69) and the AdS vielbein 

[c^, a+] = g^, a» = e£a a , (2.83) 

where denotes the AdS metric. The ordinary partial derivative is replaced by 
the operator 

= -i (d^ + ufa + a a b ) . (2.84) 
Acting with p M on a state in Fock space 

1$) = 7^yw..^)a Ml+ ---a Ms+ |0> , (2.85) 
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produces the proper covariant derivative 

P,\$) = -j^a^ + ...a^ + V^ m ^ s (x)\0), (2.86) 

($b /i = (0|Q^ 1 ...Q^V M¥ » M/la ... M .(x)^, (2.87) 

where in (2.84) denotes the spin - connection on AdS and V M is the AdS covariant 
derivative. These operators satisfy commutation relations 

[P^Pu] = ^(a+a,, ~ «t a M )» (2-88) 

due to the expression (2.56) for the Riemann tensor. 
Further, let us introduce the following operators 
D'Alembertian operator 

k = <T GVP, + ir^p x ) = p a Pa - ioJ a ab Pb (2.89) 
which acts on Fock-space states as the proper D'Alembertian operator 

*o|*> =-^ya" 1+ ...a^ + D^ lMs (x) |0) (2.90) 

Divergence operator 

h = of Pll (2.91) 
which acts on a state in the Fock space as divergence 

W =-^^« w+ ---«^ + V m1 ^W.m.(^)|0> (2-92) 
Symmetrized exterior derivative operator, 

/+ = a"+p„ (2.93) 

W =-7J^T)!«" + « M1+ ---« Ms+V m^™..^(^) |0> (2.94) 
which is the hermitian conjugate to the operator /i with respect to the scalar product 

y"tPaV=0($i||$ 2 )- (2.95) 

It is straightforward to obtain the commutation relations of the algebra generated 
by these operators. The commutator between If and l\ becomes 

[h,lf] = f , (2.96) 
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where the modified D'Alembertian is 

l = l - — l-V + — + 4M f M — N 2 + 2N\ . (2.97) 

Here 

N = a + ^a„ + ^ (2.98) 

counts the number of indices of the Fock-space fields, up to the space-time dimension 
V, while 

M = ^a^a^ (2.99) 

takes traces of the Fock-space fields. 

The emergence of these new operators enlarges the algebra, that now includes 
the additional commutators 

[Mt, l t ] = -If , 

[Jo, h] = - ^Nh + ^l+M, 

[N ,h] = -h, (2.100) 

and their hermitian conjugates, together with 

[N , M] = - 2 M , [M f , N] = -2 M f , [M f , M] = - JV , (2.101) 

that define an 5*0(1,2) subalgebra. 

Note that (2.100) and (2.101) actually define a non-linear algebra, and therefore 

the associated BRST charge should be naively constructed with the recipe of [90] 

(see also [7], [91]-[92]). As in [7], however, this would introduce a larger set of ghosts 

and corresponding fields, going beyond the triplet structure. The latter case which 

will lead to the description of irreducible higher spin modes will be discussed in the 

next subsections. Now in the spirit of the flat limit for the triplet, let us retain only 

the (lf,lo) constraints, treating (2.100) as an ordinary algebra where M, and N 

play the role of "structure constants". In other words, the first step is to construct 

the BRST charge using the standard formula adopted for the case of the constraints 

forming a Lie algebra i.e. ignore the fact that we have structure functions rather 

than structure constants. The second step is to compute the square of the BRST 

operator but we now take into account the fact that we have structure functions 

rather than constants. And the third step is to add compensating terms to restore 

the nilpotency of the BRST charge. Remarkably, this is possible and guarantees the 

Lagrangian nature of corresponding field equations. With this proviso, one can write 

the identically nilpotent BRST charge 

/_ 4 6 \ 

Q = c (l - jjN + —J + ci Z+ + c+ h - c+ ci b 

6 6 4 4 

- c c~l bi - -j-p c bf ci + — c c\ b x N + — c b^ a N 

8 8 12 

- c ° c t b~l M + — Co Ci b\ + — c c+ 6+ Cl h . (2.102) 
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The nilpotency of Q ensures the consistency of the construction, and as usual deter- 
mines a BRST invariant Lagrangian of the form (2.23), and thus a Lagrangian set 
of equations as in (2.24). In component notation 

C = -\ (V^) 2 + sV-^C + s(s-l)V-CD + ^H(V^) 2 - S -C 2 

+ ^Z^ (v?) 2L* {D) 

\{s - 2){V + s - 3) - s] v? 2 + S ^~y [s(V + s - 2) + 6] D 2 . (2.103) 



Here we introduced short - hand notation. The symbol V- means divergence, while 
V is symmetrized action of V M on a tensor. The symbol ' means that we take the 
trace of a field. Multiplication of a tensor by the metric g implies the symmetrized 
multiplication, i.e. if A is a vector we have gA = g^Ap + g pp A u + g vp A p . The 
Lagrangian leads to the corresponding field equations 

Utp = {8gD - 2gtp' + [(2 - s)(3 - V - s) - s\ y?} , 

C = V • if - VD , 

□ D = V • C + {[s(D + s - 2) + 6]D - V - 2gD'} (2.104) 

which are invariant under the gauge transformations 
5(p = V A , 

rn A (S-1)(3-S-P) . 2 

= □ A + ^ ^ '- A + — g A' 

5D = V- A . (2.105) 

Let us note that the invariance of the Lagrangian (2.103) and of the equations of 
motion (2.104) under the gauge transformations (2.105) can be checked directly using 
the action on a vector Vp of the AdS covariant derivatives commutator 

[V M ,V,]\/ P = ^{g vp V, - g w V v ) . (2.106) 

The gauge fixing procedure can be carried out as in the case of flat space-time. 
Therefore, one obtains massless spin s field which is contained in the traceless part 
of <p, (p' — 2D, tp" —AD' . . . e.t.c. describing massless fields of spin s — 2, s— 4, 1/0, as 
was for the case of flat space-time. This completes our discussion of the irreducible 
higher spin modes on AdS. 

2.3 Irreducible representations of the Poincare group 

As we saw in the previous subsections, the inclusion of the operators Iq, l\ and If 
leads to the description of reducible massless higher spin fields which are subject to 
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mass-shell and transversality conditions (2.1)-(2.2). In order to describe irreducible 
higher spin mode one has to add the trace operator M = ^a^a^ (and its hermitian 
conjugate M + = which is needed for the hermiticity of the corresponding 

BRST charge) to the initial set of operators Iq, l\ and The resulting algebra now 
has the form (2.17), (2.18), (2.101). The crucial point here is the appearance of an 
extra operator N = a^ + a^ + in the right hand side of the commutator [M, M + ]. 
This operator is strictly positive because its eigenvalues are s + -f and therefore it 
can not annihilate any state in the Fock space whether it is physical or not. On the 
other hand, an inclusion of N into the total set of operators seems to be unavoidable 
as long as we include operators into the total set of constraints** since otherwise 
one will deal with operators whose algebra does not close. This in turn will cause 
problems with the construction of the nilpotent BRST charge. 

A way out is that although the operator iV can not annihilate a state in a Fock 
space, we can modify the operator with some new operator h whose eigenvalues can 
cancel those of N i.e., consider N = N + h in such a way that the operator iV will be 
able to annihilate a state in the Fock space. However if one tries naively to modify 
the operator iV by simply adding an operator h to it the algebra (2.101) will not 
close. 

To solve the problem [6], [11] we therefore use the method of BRST reduction 
which in fact originated from the dimensional reduction procedure described in the 
next section. To understand it better let us rephrase the problem. If we declare 
the operator N to be a constraint then we will have to introduce a real (since N is 
hermitian) ghost and therefore we shall have a term of the form c N N in the BRST 
charge. Our task is to eliminate the rather than the operator N, since eliminating 
the ghost cat effectively prevents N from imposing a condition on the Fock space. 
Combining this with the previous discussion we have to choose the parameter h to 
eliminate the dependence on cn of the BRST charge, but the BRST charge should 
still be nilpotent. 

As a first step to implement the procedure outlined above, we introduce extra 
oscillators with the commutation relations 

[d,J] = -l. (2.107) 

The states in the enlarged Fock space are expanded, as usual, in (anti)ghost modes, 
and each of the resulting terms have the form, 

1^) = E = E 4^...^ 2k « M2 ' + - <*-"" + ( rft ) fc 1°) > ( 2 - 108 ) 

k k 

where s is the rank of the k — component tensor in the expansion. With these vari- 
ables one can build new "auxiliary" representations of the algebra SO(2, 1) formed 
by operators N : M ± , which have the form 

M (aux) = yjh + tfdd, M\ aux) = S yfh + dtd, N (aux) = -2cfid-h. (2.109) 

**Onc can check that the conversion procedure of [93], or use of the Dirac brackets does not 
simplify the problem at hand. 
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Further, define new operators, 

M ± = M ± + Mf aux) , N = N + N {aux) , (2.110) 

that realize again the SO(2,l) algebra (2.101). The nilpotent BRST charge for the 
resulting system is then formally constructed, treating all operators under consider- 
ation using the standard recipe, 

Q = c l + ci If + c M M f + cf h + c M M+ c N N 
- cf ci 6 + cf bf c M - c M ci hi 

+ c N (2c M b M + 2b M c M + c\b x + b\c x - 3) - c M c M b N . (2.111) 

The final step is the elimination of the term proportional to while maintain- 
ing the nilpotency of the BRST charge. This can be done performing the unitary 
transformation on the BRST charge 

Qi = e~* "^e 1 "" , (2.112) 

where Xh is the phase-space coordinate conjugate to h, so that 

[x h , h] = % , 

and 

7T = N - 2d ] d + 2c M b M + 2b M c M + cfh + 6^ Cl • - 3 (2.114) 

is essentially a number operator. Note that this transformation removes all terms 
depending on c^- from the BRST charge, while obviously preserving its nilpotency. 
Finally, the term containing b^ can be also dropped without any effect on the nilpo- 
tency. This can be checked by direct computations but one can see it easily by the 
following argument. Let us write Q\ in the form 

Qi = Q - c M c M b N (2.115) 

and take its square. By construction Qi is nilpotent, i.e., Q\ = 0. On the right hand 
side the term c^cm^n is nilpotent too, so we are left with terms Q 2 and {Q, c^-cm&at}- 
Since Q does not contain the ghost the anticomutator will be proportional to bjy. 
The operator Q 2 does not contain neither and b N . Therefore each of these terms 
are separately nilpotent. 

Finally, the BRST charge for this system takes the form 

Q = Qi + Q2 , (2.116) 

with 

{ Qi , Q2 } = , Qj = - Q 2 2 , 



(2.113) 



(2.117) 
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where 

Qi = c l + ci If + c M M f + c+ Zi + c^ M 
- c\ a b + ct bt c M - c M a b u 

and 

Q 2 = c M - I + N - d + 2b M c M + 2c M b M + bf Cl + 4 h d 

+ <tfy/ - 1 + N - <tf d + 2btf c M + 2 & b M + bt C! + ct h c M ■ 

Again, this determines a BRST invariant Lagrangian of the type (2.23) and now the 
most general expansions of the state vector |<3>) and of the gauge parameter |A) in 
ghost variables are 

|$) = |^) + Ct bt \<p 2 ) + C + M b + M \<p 3 ) + Ct b + M M 

+ c + M bt \<p 5 ) + ct c+ bt b + M \<p 6 ) + c bt |d> 

+ c b + M |d) + c ct bt bt, \C 3 ) + c c+ bt b + M |d> , (2.118) 

and 

|A> = 6+|A 1 ) + 6+ |A 2 )+c+6+6+|A 3 ) + c+6+6+|A 4 ) 

+ c 6+^|A 5 >, (2.119) 

where \<fi) and |C») have ghost number zero and depend only on the bosonic creation 
operators a M+ and as in (2.108). Let us also note that both the Lagrangian and 
the gauge transformations are not affected by redefinitions of the gauge parameters 
of the type 

S | A) = Q \u) , (2.120) 

and in particular with 

\u) = bt b + M . (2.121) 

As a result, one of the gauge parameters, | A5) , is inessential and can be ignored. 
With this proviso, the resulting Lagrangian in the bosonic Fock-space notation is 

C = - (did) - (C 2 \tp 2 ) + (dka) + (did) - (<p 2 \C 2 ) + (V^sld) 
(d|Mt|^ 4 ) - (dll+M + (Ci\lM) - (C 2 \M^\<p 3 ) - (C 2 \lt\<p 5 ) 
+ (d|M|^) - (dlMt^g) + (C 3 \h\<p 5 ) - (C 3 \M\<p 2 ) + (dl^ke) 
+ (C 4 \h\<p 3 ) - (C 4 \M\<p 4 ) + (^|Mt|d) + (<Pi\lt\Ci) - {<Pi\k\<Pi) 

- (<p 2 \M*\C 3 ) + (<p 2 \l \<p 2 ) - (^i|d> + (^|^|d) + (<p 3 \k\<p 3 ) 
(<p 3 \M\C 2 ) - (<p 4 \M*\C 4 ) + (<pt\l \<p 5 ) - (<p4M\d) + (<p 5 \lt\C 3 ) 

+ MkM - Wild) - (<Pb\Io\<Pb) + Wild) - (<A>|M|d) 

- (dl^AxI^) - (dl^ka) + (d|* %i) - (C 3 \SX 4 \cp 6 ) 

- (C 3 \X 2 d\<p 2 ) - (d|X 3 % 4 > + (^I^Xold) - M^x 2 \c 3 ) 
(y? 3 |X 2 d|d> - (^l^ld) - M^Md) - (^ 6 |A 4 rf|d) , (2.122) 
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where 

X r = yj-l +N -dU + r . (2.123) 
From this Lagrangian one can derive equations of motion 

-M+\C 2 ) - Z+|Ci> + Z |vi> - b + X \C 2 ) = 0, (2.124) 

|d) + M+|C 3 ) - loM + h\Ci) + rf + X 2 |C 3 ) = 0, 

-|C 3 ) - Z+|d> - Z |</? 3 > + M|c 2 ) + X 2 d\C 2 ) = 0, 

M+|d> - l \<p 5 ) + M|d) + d + X 3 |d> + X.dld) = 0, 

-/+|C 3 )-/ |^4)+/i|C 2 )=0, 

loM - h\C 4 ) + M\C 3 ) + X 4 rf|C 3 ) = 0, 

|d) + M + \p 4 ) + Z+|y? 2 > - h\<Pi) + d + A^ 4 > = 0, 

M+|v9 3 ) + Z+|^ 5 > - M|^i) + d + X 2 \ip 3 ) - X %i> + M = 0, 

M+|y9 6 > - h\cp 5 ) + M\ip 2 ) + rf + X 4 |v9 6 ) + X 2 d\cp 2 ) - \<p 3 ) = 0, 

-Id) - lt\<Pe) ~ h\<P3) + M\cp 4 ) + X 3 % 4 > = 0. 

Both the Lagrangian (2.122) and gauge transformations (2.125) are invariant under 
gauge transformations 

%!> = Z+IAO + M+IA^+tf^olAa), (2.125) 
6\<p 2 ) = \A 2 )+l 1 \A 1 ) + M + \A 3 )+d + X 2 \A 3 ), 
% 3 > = -|A 3 ) + M|A 2 )-Z+|A 4 )+X 2 rf|A 2 ), 
5\p 4 ) = ZxlAa) - Z+|A 3 >, 

% 5 > = M + |A 4 ) + M|A 1 ) + rf+X 3 |A 4 )+X 1 rf|A 1 ), 

% 6 > = -M\A 3 )-X 4 d\A 3 ) + h\A 4 ), 

5|d> = ZolAx), 

8\C 2 ) = Z |A 2 ), 

5|d> = Z |A 3 ), 

5\C 4 ) = Z |A 4 ) 

From the field equations and the gauge transformations one can unambiguously 
read the oscillator content of the vectors \<Pi), |d) and |Aj). In order to describe a 
spin-s field, let us fix the number of oscillators a M+ in the zeroth-order term of the 
expansion of |</?i) in the oscillator d\ that we shall denote by ip®, to be equal to s. 
This is actually the field tp of the previous subsections, while all other terms describe 
auxiliary fields. The zeroth-order components in the d' oscillators for the other fields 
have thus the following a M+ content, here summarised in terms of the resulting total 
spin, displayed within brackets: p>\ [s — 2] , (p% [s — 4] , ip\ [s — 3] , </?° [s — 3] , (p® [s — 6] 
,C^[ S -l],CS[ a -2],CS[ a -4],C2[ a -5],A? [s-l],A° [s - 2] , A° [a - 4] 
, A° [s — 5]. Moreover, the field equations and the gauge transformations show that 
each power of the d) oscillator reduces the number of a M+ oscillators by two units, 
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so that, for instance, the p\ component field has s — 2k oscillators of this type, and 
thus spin (s — 2k). Therefore, as anticipated, this off-shell formulation of a spin-s 
field requires finite number of auxiliary fields and gauge transformation parameters, 
although their total number grows linearly with s. 

Combining the gauge transformations with the field equations, it is possible to 
choose a gauge where all fields aside from ip°, ip 2 , p^ and C° are eliminated, so that 
one is left with a reduced set of equations invariant under an unconstrained gauge 
symmetry with parameter A°. To this end, one first gauges away all fields Cf but 
Ci, and the residual gauge transformations are restricted by the conditions 

l Q A.\ = (Jfe^O) and l A* = (i = 2, 3, 4) and k > . (2.126) 

The parameters (k ^ 0) and A4 gauge away p\ (k ^ 0), while the parameters A| 
gauge away p>\. The conclusion is that one is finally left with gauge transformation 
parameters restricted by the additional condition 

(M + X 4 d) I A 3 ) = , (2.127) 

and with the help of parameters |A 2 ) and | A3) one can also gauge away p\ ik 7^ 0) 
and </?3, while p\ vanishes as a result of the field equations. 

If one further eliminates the field p\ with the help of the gauge transformation 
parameter A°, the system of equations of motion (2.124), apart from the dynamical 
equations for fields \(pi), and j^), becomes 

M|C°) = 0, (2.128) 

\C° 1 } + li\p 2 }-lM) = ^ (2-129) 

M\p\) - \pl) = 0, (2.130) 

M\p° 2 ) = 0, (2.131) 

with residual gauge invariance 

%°> = Z+|A?>, 5\p° 2 ) = IM), SIC ,) = Z |A?>, (2.132) 

where the parameter | -A.^ ) is restricted by the condition 

MIA?) = 0. (2.133) 

Using the equations (2.129) and (2.130) one can express l^) and \C°) through 
\ip°) and insert them into (2.122). The Lagrangian now depends only on the field 
\ip°) and takes the following form 

C = ((p°\l - Z+Zi - IflfM - M + hh - 2l M + M - M + lthM.\p}\) (2.134) 

The field | </??), as a consequence of the equations (2.130) and (2.131), is restricted by 
the condition 

M 2 \p\) = 0, (2.135) 
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making (2.128) become an identity. After taking the expansion 



H) = yw..^K 1+ « M2+ ---a Ms+ |0> (2.136) 

we find that the Lagrangian (2.134) in terms of the fields l p\^ lfJl2 ,,^ 3 { x ) = 
fnnj,2--n s ( x ) coincides with the one given by Fronsdal [30] 

C = ^ 2 -^ (x)n ^ iM2 ^ (x) _ ( 2.i37) 
-s^"°{x)d^d v ^\ n { x ) + s(s - l) V ^^{x)d v ,d V2 ^\ 3 ...^ x ) 

- S{S ~ ^ ~ 2) ^/ 1 ^ M4 -^(^)^3^ 1 ^"% 2 M 4 -M 3 (^) 

As a consequence of the condition (2.135) the field ( -P l i ll i 2 ...^ n { x ) has a vanishing second 
trace ^^m^mbw, ( x ) an d the Lagrangian is invariant under the gauge transforma- 
tion 

^VW-MnW = d ifll A m .^ n) (x) (2.138) 

with constrained parameter A^ = A^...^^, A^ /13 ... /ls _ 1 (x) = 0. 

To summarize, we have derived the Lagrangian for a single field with an arbitrary 
integer spin s without any off -shell constraint either on the field or on the parameter 
of gauge transformations. This Lagrangian contains however a finite set of auxiliary 
fields, and the number of these fields depends on the value of the spin under consid- 
eration. The Fronsdal Lagrangian can be obtained from the one we are considering 
after the particular choice of the gauge. The unconstrained Lagrangian description 
for the fermionic higher spin fields, which is analogous to the one described above, 
has been given in [19]. 

Let us note that here we use the "hermitian" auxiliary representations as in [6], 
[11], when the operators M^ aux ) and M,+ ^ are hermitian conjugate to each other. 
Alternatively, one can use "non- hermitian" auxiliary representations as in [7], [19]- 
[22], [94]. The hermiticity of the Lagrangian is maintained by introducing an extra 
kernel operator in the definition of the scalar product in the Fock space. 

Example s = 3. 

To illustrate the procedure let us consider in detail the simple example of the 
irreducible massless higher spin field with spin s = 3. Let us first determine the field 
content. As explained after equation (2.124) one has 

M = (^? OT3 (*K 1+ ^ 2+ ^ 3+ + <,>K 1+ ^ + )|o> (2.139) 

M = ¥>jU(zX 1+ |0), M = -<¥>20»0|O>, IV?5> = -<^(x)|0> (2.140) 

|Ci> = (^C° lm (x)a^ + a^ - iCl(x)d + )\0) (2.141) 
|C 2 ) = -Cl(x)\0) (2.142) 
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the other fields being zero. 

The gauge transformation parameters have the form 

|Ai> = (^A? imM2 (*K^+ + l A{(x)d+)\0), |A 2 ) = A° w (x)^ + |0) (2.143) 

with all other gauge parameters being zero. The gauge transformation rules for these 
fields can be written down from (2.125) 

5^ p = d { ,A% p) + g^A° 2p): <VU = d,A{ + ^/|a^, (2.144) 

'Vl^A^ + A^, ^2 = ^, *rf = A* - IaJJJ. (2.145) 

^iV = DA ?,,- 6<% = DA\, 5C^ = UA^ (2.146) 
From (2.124) one can write down the equations of motion 

□<,,p = d ( ,Cl up) + g ipv Cl p) (2.147) 
□¥>t = + /fc 2 V D ^ = ^CiV + C 2% (2-148) 

= \/f C? - ^ = ^ (2.149) 

^i^p - CiV - VI) - ^ = (2.150) 
9*^-01-^1 = (2.151) 

^ - - ^ + \/f ^ = 0. (2.152) 

The field equations (2.147)-(2.152) are Lagrangian equations and can be obtained 
from the Lagrangian in (2.122). One can show combining the field equations and 
gauge transformations (2.144)- (2.146) that after complete gauge fixing the only 
propagating components are physical components of the tensor <$\„ vp i.e., physical 
components of the spin 3 field. 

Compensator equations Another way to describe irreducible higher spin fields 
is to take triplet equations (2.40) and add manually the extra condition 

(p'-2D = da, (2.153) 

where the field a which has rank s — 3 is called the compensator field [8], [11]. In 
order to maintain gauge invariance the transformation law for the compensator has 
to be 

5a = A'. (2.154) 
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If one gauges away the compensator via the trace of the parameter A one obtains the 
description of a single irreducible higher spin field as one can check using (2.40) and 
(2.154). One can check that these fields only (the triplet fields and the compensator) 
are not enough for the Lagrangian description of the system. On the other hand one 
can identify the field — 2tp® with the compensator and thus the Lagrangian derived in 
this chapter is precisely the Lagrangian for the compensator field. After elimination 
of the fields C and D the compensator equations can be written in the form 

n<p-dd-<p + dP<p' = 3d 3 a , 

ip" = Ad -a + da , (2.155) 

and are invariant under the unconstrained gauge transformations 

5p = OA, (2.156) 
5 a = A' . (2.157) 

Let us note that a Lagrangian for the compensator fields can be obtained in terms 
of a smaller (minimal) number auxiliary fields [10]. This Lagrangian (see [14] for 
a generalization to the case of an AdS space) contains higher derivatives, however 
the number of derivatives can be reduced to the ordinary one at the expence of 
introducing two more auxiliary fields [15]. 

One can write compensator equations for the fermionic higher spin field as well 
and also deform both fermionic and bosonic compensator equations to the AdS space 
[11], thus describing irreducible massless integer or half integer spin modes. 



2.4 Irreducible representations of the AdS group 

The description of irreducible massless representations of the AdS v group can be 
performed in a similar way [7]. All we have to do is to combine the results of 
subsections 2.2 and 2.3. Namely, start with the nonlinear algebra (2.100) -(2.101), 
but now introduce the ghost variables (cm, &m) an d (c^, &m) for the operators M 
and M + as well. Then construct the nilpotent BRST charge again formally including 
the operator N along with its corresponding ghost-antighost pair (cat,6at). 

This procedure leads to the family of "bare" nilpotent BRST charges, which turn 
out to depend on three free parameters ki, k 2 , &3, i.e, the expressions of terms which 
contain higher degrees in the ghost variables turn out not to be uniquely defined. 
The possible solution of the problem (not necessarily the most general one) has the 
form 

Q l = Ql + hQl + k 2 Ql 2 + k 3 Ql 3 , (2.158) 

where 

6 

Ql = c (l + —) + c 1 li + c M M + + cil 1 + ci 4 M-c N (N-3) 
2 8 2 
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8 4 
-j2 C o b m c m ~ c^ci&o + clc N b ± + c^c M - j^c\b N c x 

-c^cibi + 2c~l I c N b M - c%fb N c M + bfc N Ci + 2b\ l c N c M 

8 4 8 

--^c ci&iM + - j^cocthN + -j^c Q c\b\M 

-^cobfdNo - ^coc+b+dh (2.159) 

Qfc x = -2c (iV - 3) - 6c c^-6 M - 6c &Vm - 3^6^^ - 2c c 1 b 1 M + 
—cocfb\N — 2coc^"6m^ + 2cocfbfM — cocfbuh 
-c^blciN - 2c$\ /[ c x l 1 

— cob^cili — Qcoc^b^cibi, (2.160) 
Ql 2 = -Co(N - 3) - c c+6! - 2c c^6 M 

-c fr/~ci - 2c b~l I c M - c~lb N ci (2.161) 
Qfc 3 = c 6m c a/ + CoctfbM + c Ci&iM + + cocfb M lf - coc^&f M + cob^c^i 

+c Q c J [cl I b 1 bM + 2c cibic 1 bi + c ctbjb N c M - c cibXjC M bi 

-c c\ I b J [c 1 b M - c c\fb N Cibi + c 6^6^CiC M - (2.162) 

All these operators are nilpotent and mutually anti-commuting so that their sum 
is nilpotent as well. Let us note that the particular choice of parameters k\ — 0, hi — 
0, k 3 = 8 leads to the BRST charge constructed in [7], which includes terms up to 
the fifth order in ghosts. 

Further, the procedure goes on in complete analogy with the case of the flat 
space-time background. Namely, we first build auxiliary representations for M ± 
and N, then define the new operators as the sum of old and auxiliary ones and 
finally after the transformation (2.112) we construct the Lagrangian (2.23). Though 
the BRST charge is not unique, one can show along the lines of [7] that all these 
BRST charges, after making a partial gauge fixing in the Lagrangian (2.134), lead 
to a unique final form for the Lagrangian, which contains only one double traceless 
physical field \ip) (M 2 |y?) = 0) 

C = (<p\l -l+l l -2M + l M + M+hh + l+l+M - M + lfhM 

— ^(6-4iV + 10M+M -4M + NM)\p) (2.163) 
L 2 

or equivalently 

S = |^v^(^ 2 --^(x)(V 2 --^( S 2 + S P-6 S -2I? + 6))^ lM ,.. Ms (x) 



2 rftl v ' v L 2 

s(s-l)(s-2 
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which is invariant under the gauge transformations 

8<PmiA2"i*.( x ) = V^V-^-i)^) ( 2 - 165 ) 
with totally symmetric and traceless A Ml MlM3 .... ^ a _ x (x) = parameter. 

3 Free Massive Fields 

3.1 Reducible representations of the Poincare group 

The description of massive reducible higher spin modes can be carried out in a similar 
way to that of reducible massless higher spin modes [77]. Namely, we need to consider 
the following set of operators 

k=p 2 + m\ (3.1) 

ix = a%. tf = a"V (3.2) 

However, there is a complication since due to the nonzero value of the mass 
parameter ft the operators h, If and Iq no longer form a closed algebra and therefore 
BRST construction is more complicated. 

Let us therefore consider the massless case (where, as we know, this problem does 
not exist) in one dimension higher and define the usual set of operators L ,Li,Lf 
which satisfy the algebra (2.17) i.e., consider in V + 1 dimensions the following set 
of operators 

L =pI+P 2 d = 1 + p 2 D , /i = 0, 1, D - 1, (3.3) 
Li = + a D p D = h + a D p D , (3.4) 
L+ = af+pp + a D+ p D = l+ + a D+ p D . (3.5) 
The BRST charge for this system is given by (2.20) 

Q = c L + c\L\ + c\L x - cfcibo. (3.6) 

In order to describe the massive fields we fix the following xc dependence of the 
Fock space vector |$) in (2.23) 

|$) =U\&) =e iXDm \&). (3.7) 

The result of the substitution of (3.7) in the expression (2.23) is 

C = J dco(&\Q\&). (3.8) 
ft One can make the mass parameter m to depend on spin thus describing a "Regge trajectory" 

[5] 
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The new BRST - charge Q is nilpotent due to unitarity of the transformation Q = 
U^QU. Our choice of xd- dependence in the exponent in (3.7) leads to the presence 
in the BRST charge of the correct operator l + m 2 for the massive case 

Q = c (/ + m 2 ) + ci(lt + ma D+ ) + cf(h + ma D ) - c^ci& - (3.9) 

Let us note that the unitarity transformation (2.112) has the same form as the 
transformation we are considering now. It is exactly in the heart of the approach 
and makes it possible to construct the nilpotent BRST charge in the presence of 
operators which do not form a closed algebra (second class constraints). 

The expansion of the field |$) and of the parameter of gauge transformations 
|A) in terms of ghost variables is again (2.26) and (2.27) but now one deals with a 
massive triplet. After the substitution of equation (3.7) into the Lagrangian (3.8) 
and integration over the ghost variables one gets 

C = (cp\l + m 2 \cp)-(D\l + m 2 \D) + (C\\C)-(cp\l+ + ma D+ \C) 



+ (D\h + ma D \C) - (C\h + ma D \<p) + (C\lf + ma D+ \D). (3.10) 

The equations of motion for the massive triplet are: 

(l + m 2 )\ip) = (lf + ma D+ )\C) (3.11) 

(l + m 2 )\D) = (h+ma D )\C) (3.12) 

\C) = (1+ + ma D+ )\D) - (h + ma D )\ V ) (3.13) 
while the gauge transformation rule (2.25) gives 

6\<p) = (It + ma D+ )\\), 6\D) = (h+ma D )\\), 5\C) = (Z + m 2 )\\). (3.14) 



Then, using the gauge transformations, one can show [43], [5], that the fields |C) 
and \D) as well as a D+ dependence in \ip) can be gauged away. Finally, one obtains 
conditions 

(l + m 2 )\<p) =h\<p) = (3.15) 

as the result of the equations of motion. In the simplest example of a spin one 
massive triplet which describes a massive vector field one has the expansion 

\(p) = A M (rrK + |0) + iA D {x)a D+ \0), \C) = -iC(x)\0) (3.16) 

and 

|A) = iA|0). (3.17) 
Therefore, for gauge transformations we get 

5A„ = d^X, 5A D = mX, 5C = (□ - m 2 )\. (3.18) 

After the elimination of field C via its equations of motion one obtains the Lagrangian 
which contains the physical field and the Stueckelberg field A D . After gauging 
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away the latter field one obtains the usual Lagrangian for a massive spin 1 field ( see 
also [67] for a discussion in the context of AdS/CFT correspondence). 

The Lagrangian (3.10) describes a chain of massive states with mass equal to m. 
Due to the absence of the zero trace constraint, each state \tp) describes a chain of 
massive states with spins s. s — 2, s — 4 ...1/0 as was in the case of massless triplet. 
This is to be expected, since we are describing the Kaluza-Klein reduction on a circle 
S* 1 of a massless triplet, which as we know describes a chain of massless states, in 
V + 1 dimensions. 

3.2 Irreducible representations of the Poincare group 

A Lagrangian for irreducible massive representations of the Poincare group was given 
in [46]. In this description the Lagrangian contains a massive spin s physical field 
and auxiliary fields with spins s — 1, s — 2, .., 1, all of them having zero traces. Un 
"unconstrained" BRST formulation for massive irreducible higher spin fields is given 
in [20] . Apart from these descriptions there is an alternative one [47] which contains 
the physical field with spin s and only three auxiliary fields with spin s — l,s — 2, s — 3. 
This approach is based again on the method of dimensional reduction. 

Since for this computation "the mostly minus" signature is slightly more conve- 
nient we shall use this signature in this subsection. The operators are again l = p^p^, 
li = a^p^, M = ^a^a^, and their hermitian conjugates but iV = —a^a^ + ^, 

[<*ix, a t\ = -9iw, with SV = (!» -1, - - !•)■ 

Let us start with Fronsdal Lagrangian in V + 1 dimensions 

C = ((p v+1 \L + Lf L! - 2M + L M (3.19) 
+M + L 1 L 1 + LfLtM + M 4 L\ L{M\^ V+1 ) . 

where 

M = M--a D a D (3.20) 
2 

The basic field satisfies once more the condition 

M 2 |</?}=0, (3.21) 

the gauge transformation rule is 

%>=L+|A>, (3.22) 

and the parameter of the gauge transformations is traceless 

M|A) = 0. (3.23) 

The next step is to perform the dimensional reduction procedure in a similar way 
to the previous subsection. Namely we take \<pv+i) — e' lXT,m \(p) . One can solve 
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the condition (3.21) explicitly. The solution is given in terms of four completely 
unrestricted vectors 

W) = E[K) 2fe (7^T Mfc |^o) + 7 T 7I -^TTM^V2)) (3.24) 



•(2*)! '™ (2fc-l)!" 
N 2fc +V 2fe »Tfci.. \ , k *' i /-/.-n 



+ K«» <(STT)! M '*"> + (STT)! M 

In a similar manner the equation (3.23) can be solved to give 

Putting (3.24) back into the Lagrangian (3.19) and performing the normal ordering 
with respect to the oscillators aj, thus integrating them out, one arrives at the 
Lagrangian 

C = £[(^o|(M + )V + 2A;(v, 2 |(2M + ) fc - 1 )(^£|To) (3.26) 
+ (2T^T)! ( 2" iV)|T2)) 

+«^|(2M + ) fc + 2fc(v ?3 |(2M + ) fc - 1 )( ^ M) i ^ |T 1 ) 



•(2fc + l)!' 



2fc(2M) fc - 1 1 
+ (2fc + l)! ^2 +iV)|T3))J 



where 



|T ) = [l -m 2 + lfh + M+l l l 1 + 2m 2 M + M]\ Vo ) (3.27) 
-m[lf + 2M + M]\ip 1 ) + [2/ M+ - If If - M + lfh}\^ 2 ) + mM + lf\ip 3 ) 

|Ti) = -m[/i + 2/+M + 4M + /iM]|v? ) (3.28) 
+ [/ + Ifh + M+ZiZi + 2m 2 M + M}\ip 1 ) 

+m[-3M + h + 2M + lfM}\ip 2 ) + [(2Z - m 2 )M + - Z+Z+ - Z+M+Zx]]^) 
|T 2 ) = [ZiZi + 2m 2 M] | v? ) - 2mZi|^i) + [2Z - lth]M + mlf\ip 3 ) (3.29) 

|T 3 ) = 4mZ 1 M|v? ) - [hh + 2m 2 M]\ip 1 ) - m$lf M - Zh]\y 2 ) (3.30) 
+ [lfh+m 2 -2l ]\<p 3 ). 

The equations of motion which can be obtained from the Lagrangian (3.26) are 

|T;) = 0, i = 0, 1,2,3. (3.31) 
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In addition to this there are two Jacobi identities 

Zi|T ) - M + h\T 2 ) - mM + \T 3 ) - m|Ti) = (3.32) 

2mM\T ) + Zi|Ti) - m(l - 2M+ M)\T 2 ) + M + /i|T 3 ) = 0. (3.33) 
The gauge transformation rules are 

%o> = Z+|A ), %i> = Z+|Ax> - m|A >, (3.34) 

%2) = -ii|A )+m|Ai), % 3 > = — Zi|Ai> +2mM\X ). (3.35) 

One can see that the system decouples into quartets. For each physical field with 
mass m and spin s contained in the vector \(fio), there are three auxiliary fields 
contained in vectors \(pi), \<f2), |v?3) which have ranks s — 1, s — 2, and s — 3. After 
gauge fixing one can prove that in each quartet there is only one physical polarization 
with mass m and spin s. 

3.3 Irreducible representations of the AdS group 

As we noted before the Lagrangian description of a higher spin field with spin s 
and nonzero mass contains a set of auxiliary fields with spins s — 1, s — 2, 1,0 
[46]. The generalization of this result to the (A)dS case was given in [25] while the 
unconstrained Lagrangian formulation for massive higher spin fields on AdS has been 
carried out in [21] using the BRST formalism. 

4 Interactions 
4.1 General method 

In this section we discuss the general construction [13] of the cubic vertex for massless 
higher spin fields on flat and AdS spaces which is based on a generalization of the 
BRST method. This approach is analogous in some aspects to the cubic vertex 
construction in string field theory, however, in our case there is no analog of the 
overlap conditions on the three-string interaction vertex that would strongly restrict 
its form. In the case of interacting massless higher spin fields the only guiding 
principle is gauge invariance which manifests itself as the requirement of BRST 
invariance of the vertex (see also [24]). 

There is one crucial point regarding interacting higher spin fields. It appears 
that a length parameter is necessary for the construction of the interaction vertex, 
so that the latter has the right dimensions. For higher spin fields in flat space 
there is no obvious candidate for this length parameter. One possibility would be to 
consider higher spin gauge fields emerging in the tensionless limit of string theory, 
in which case the role of the above mentioned parameter is played by the inverse 
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of the string tension a'. On the other hand, for higher spin fields in curved space- 
times such a dimensionful parameter is naturally given by the inverse curvature. In 
particular, in the case of higher spin gauge fields on AdS space-times this parameter 
is naturally associated with the AdS radius L. Note that the zero radius limit of 
such a construction is the large-curvature limit. 

After these remarks we will proceed along the lines of [37], [45]. We wish to 
construct the most general cubic vertex; for that we use three copies of the triplet 
defined in (2.26) as % = 1,2,3. If we studied the quartic vertex we would use 
four copies of the Higher Spin functional |$) etc [27]. The tensor fields in are 
all at the same space-time point. Then, the interacting among each other are 
expanded in terms of the set of oscillators a % +, c %+ and b %+ 

[«;, aj- + ] = {<*+ V) = {c\ V> + ) = K, 6g} = 6* , (4.1) 

in complete analogy to the free field case. The BRST charge of our construction 
consists of three copies of the free BRST change Q = Q\ + Q 2 + Qz- The full 
interacting Lagrangian can be written as [48] - [49] 

L = ]T J dJ^Qi^i) +g(Jdcldcldcl($ 1 \($ 2 \($ 3 \\V) + h.c), (4.2) 

where \V) is the cubic vertex and g is a dimensionless coupling constant^. 

It is straightforward to show that the Lagrangian (4.2) is invariant up to terms 
of order g 2 under the nonabelian gauge transformations 

5\^) = Qi|Ai) -g J dc 2 dcl[((^ 2 \(A 3 \ + (<t> 3 |<A 2 |)|y>] + 0(g 2 ) , (4.3) 

5\$ 2 ) = Q 2 \A 2 )-g J dcgdcS[«* 3 |<Ai| + (^\(A 3 \)\V}] + 0(g 2 ) , (4.4) 

5|$ 3 > = Q 3 |A 3 > -9 J dcldcl[{{^\{A 2 \ + (^KAxDlV)] + 0(g 2 ) , (4.5) 
provided that the vertex V satisfies the BRST invariance condition 

EW=0. (4.6) 

i 

Indeed the invariance for the terms of zeroth order in g is guaranteed by the nilpo- 
tence of the BRST charges Qi and the invariance for the terms of first order in g is 
guaranteed by the BRST invariance of the vertex. In a similar way the closure of 
the algebra of gauge transformations for the terms linear in g is guaranteed by the 
BRST invariance condition of the vertex. The gauge transformations (4.3)-(4.5) are 
nonlinear deformations of the previously considered abelian gauge transformations. 

■^Each term in the Lagrangian (4.2) should have length dimension —V. This requirement holds 
true for each space-time vertex contained in (4.2) after multiplication by an appropriate power of 
the length scale of the theory, as discussed before. 
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We assume here that the tensor fields obtained after the expansion of the func- 
tional in terms of the oscillators a* + are different from each other. One can also 
consider cases when two or all three higher spin functionals contain the same tensor 
fields, as we show at the end of this chapter. 

In order to ensure zero ghost number for the Lagrangian, the cubic vertex must 
have ghost number 3. We make the following ansatz for the cubic vertex 

\V) = V\-) l23 (4.7) 

where the vacuum |— ), with ghost number 3, is defined as the product of the indi- 
vidual Fock space ghost vacua 

|-)i23 = c£cgcg |0>i <8) |0> 2 <8» |0> 3 . (4.8) 

The function V has ghost number and it is a function of the rest of the creation 
operators as well as of the operators p l . In Open String Field Theory the r.h.s. of 
(4.8) is multiplied by S v (Y^iPi) which imposes momentum conservation on the three 
string vertex. In our case the analogous constraint is to discard total derivative terms 
of the Lagrangian which is certainly true for flat and AdS space-times. So in what 
follows we will impose " momentum" conservation in the sense described above. 

The condition of BRST invariance (4.6) does not completely fix the cubic vertex. 
There is an enormous freedom due to Field Redefinitions (FR) just like in any field 
theory Langrangian. It is clear in the free theory case that any FR of the form 

5^ = F($0 , (4.9) 

gives a gauge equivalent set of equations of motion for the fields Lagrangians 
obtained from the free one after the field redefinition (4.9) yield additional "fake 
interactions" and should be discarded. For the interacting case at hand we see, from 
(4.6), that the modified gauge variation (4.3) -(4.5) can only determine the cubic 
vertex up to Q-exact cohomology terms: 

6\V) = Q\W), (4.10) 

where \W) is a state with total ghost charge 2. We will see in what follows that this 
FR freedom can lead to major simplifications for the functional form of the vertex. 

Next, we expand the vertex operator \V) and the function \W) in terms of ghost 
variables or equivalently in terms of the following two ghost quantities with ghost 
number zero 

= c i,+y>+ : = c *>+^ . (4.H) 

These are 3x3 matrices of fields with no symmetry properties. For the cubic vertex 
we have the expansion 

\V) = {X 1 + X?. 7 «-+ + .V;' >"•'• • + Xj J . ) . (H)7 «'+7«' + + ^Si«7 y,+ )9 H ' + + 
+ x h)m? i *P** + X fe);(H);( m n)7 lJ ' + 7 M ' + 7 mri ' + + A% );(fc0;mn7 ^ V'' + /3 mn ' + + 

+^ m{ rnn)Y j ' + P kl ' + P mn ' + + ^ );( H);( m „)^' + ^' + ^"' + } | ") 123 , (4.12) 
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since the function V in (4.7) has ghost number zero. In our notation we put in paren- 
theses pairs of indices which are symmetric under mutual exchange. For example, 
Xfijytki) 1S symmetric under (ij) <-> (kl). The coefficient Xf^.,^ is also antisymmet- 
ric under i — > k since {c l ' + , c k ' + } = but we have not indicated these symmetries in 
order to avoid clustering notation. 

In a similar manner we have the following expansion: 

| WO 123 = {w t W> + + Wfb Q + Wf. jk b l ' + ^ + + Wf. jk b l ' + (3 jk > + + Wf. jk b (5^ + + 

^);( H ^ + 7 A V m ' + + Wl jk . M b^ + ^ + + Wf. Ajmm) b^(3^(3 1 ^ + 

for the FR functional W . 

We consider higher spin fields in flat space-time first. Each component of the 
vertex in (4.12) has an oscillator expansion in terms of matter oscillators and 
derivatives p l , where the latter act to the left. We will restrict our study to the 
case of totally symmetric massless higher spin fields and therefore we have only to 
consider three different sets of oscillators and momenta. The generalization to the 
case of the fields that belong to the reducible mixed symmetry representations of the 
Poincare group will be given in the last subsection. 

The interaction vertex glues together three Fock spaces and for this reason it is 
convenient to define, in complete analogy to the free case, the following generators 

= a^+aj + ^'f . (4.14) 

We see that generators (4.14) are indexed by integers i,j = 1, 2, 3. The three values 
for i and j originate from the fact that we consider a three field interaction. In 
the general case of an n-field interaction, we should take the same generators with 
i,j = 1,2.., n. Using the generators above one can build all possible interaction 
terms between symmetric higher spin fields. Therefore, our ansatz for the vertex 
is that of the most general polynomial made out from the operators Iq, and 
M ,J,+ . This corresponds to the usual derivative expansion for the vertex, since 
the operators Iq have dimensions [Length]" 2 and the operators / lJ,+ have dimension 
[Length]" 1 . To make sense of such an expansion one needs to introduce a physical 
length parameter. In flat space-times it is not clear where such a length scale may 
come from, nevertheless the hope is that it would be connected to the length scale 
of a fundamental theory such as string or M-theory. 

The commutator algebra of the operators in (4.14) is: 

[Z«, l kl '+] = 5 ik l J l , [N't, l kl ] = -5 ik V l , 
[M^'+, l kl ] = -±(5 jk l il ' + + 5 ik l jl ' + ), [N*, M kl ] = -(5 ik Mi l + 5 il M k i) , 

[M ij , M kl '+] = -\(5 jk N il - 5 jl N ik - 5 ik Ni l - 5 il N^ k ) . (4.15) 
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Let us consider the constraints imposed by momentum conservation on the vertex. 
Clearly, not all generators in (4.14) are linearly independent once we consider the 
operatorial equation J2iPi — 0, which means that we omit total derivatives. A 
convenient set of linearly independent generators is the following: 

P3 _ (ill 122 ;33\ _ (]l 72 i3\ 

IH,+ = (Zi.+,/i.+,Z 2 '+,/ 2 .+,Z 3 > + ,/ 3 '+), 

p,+ = ^ Jl,+ = a M.l+( p 2 _ 
j2,+ = a ,,2 +{p 3 _ p y /3 , + = a ,,3 +{p l _ p 2) 

= (M u >+, M 22 >+, M 33 >+, M 12 >+, M 13 <+, M 23 '+). (4.16) 

Based on the above analysis we can write the most general form of the expansion 
coefficients X[ y. 

vl — vl 

(...) rii,n,2,n3;m-i,A;i,m2,fc2,m3,fc3;pi,p2,P3,'*i2,ri3,r23(---) 

(/i)" 1 . . . (/+' 1 )" 11 (J + - 1 ) fel . . . (M+< n ) Pl . . . (M+- 12 ) ri2 ... (4.17) 

Using the explicit form of the BRST charges: 

= c»jj + cT' + + j'+P - c^ + c%, (no sum) (4.18) 

and equations (4.6), (4.17) we arrive to the following set of equations: 

c^X'-l^Xl -l s o Xf s } = (4.19) 
c i, +1 Jk, + [l i X 2 k _ 2l^Xf lsym - l°X^ is ] = 

c^/^<+[-^X 2 + PX% - l s > + Xl.. k - 2l s Xf isym ] = 

C 7 7 [I ^(j k ).{i m ) — Ol ^(i s )-(jk)-(lm) ~ L 0^ (jk);(lm);is\ ~ U 

„i,+^,jk,+ olrn,+ \ or vl _i_ /i 0/+* o/s 1 n 

C 7 P [ z °lm^(iiy t (j k ) -r 1 ^jk;lm M ^ (is);(jk);lm Zt 0^ jk;(is);(lm)\ ~ U 

C *.+^ fc .+^.+ [_^. fc X|j. ;m + l l X( jk y^ lm j - l S ' + Xf s .( jk y^ [m j - 3loX™ s y( jk y( lm j] = . 

To simplify the analysis of these equations we define the operator: 

N = a^ i+ al + V'+c 1 + c i& b l . (4.20) 

This operator commutes with the BRST charges Qi and its eigenvalues count the 
degree of the Xl yS in the oscillator expansion. Namely, as can be seen from 
equation (4.12), if the degree of the coefficient X 1 in oscillators is K, then the 
rest of the coefficients have the following degrees in the oscillators 

X\K), X 2 (K-2), X 3 (K-1), X 4 (K-4), X 5 (K-3), 

X e {K-2), X 7 {K-6), X 8 {K-5), X 9 {K-4), X 10 {K-3). 
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For example, the first equation has degree K — 1, since P J reduces the value of K by 
one, l tj ' + increases it by one and l J leaves it unchanged. 

There is yet another number which can be used in a manner similar to K. Namely, 
if a term in the expansion of V has powers of operators l J , M ,J,+ , an d 
equal to s 1 , s 2 , s 3 , s 4 and s 5 respectively, then the total number s = S1 + S2 + S3 + S4+S5 
is unchanged under the action of the BRST charge. 

The above observations can be used to classify equations (4.18) according to their 
degree K and the number s. This means that the vertex can be expanded in a sum 
of contribution with fixed degrees K and s as 

\V) = J2\V(K,s)). (4.21) 

K,s 

Therefore, the equation (4.6) can be split into an infinite set of equations 

Y^QiV(K,s)=0 (4.22) 

i 

for each value of K and s. 

To construct the vertex on AdS we use the same procedure as in the flat case, 
in particular we solve the same equation (4.6). In this case, however, care is needed 
when trying to extend the algebra (4.15) to a nontrivial background. 

For the construction of the interaction vertex on AdS it is convenient to slightly 
modify the definition of the operator (2.84) [21] as 

P, = -i(V, + u;; b a + a a b ) , (4.23) 

where V M is AdS covariant derivative. The reason behind this modification is the 
following: in the free case, one is working with only one Fock space and all indexes 
of the tensor fields are contracted with the corresponding oscillators. Therefore, in 
the free case the last term in (4.23) is enough for p^ to act covariantly on Fock space 
states. However, in the interacting case, where we have three different Fock spaces, 
expressions of the form ipj 1 (x)a IJ ' 3+ have a free index /i with respect to the first and 
third Fock spaces. Therefore, pi should act as a covariant derivative V* on ^(x) 
instead of a partial one. With this modification the operators of the type Iq read 
simply 

#' = P^% (4-24) 

while the definition of the operators f J , is given in (4.14) . In order to compute 
the algebra it is useful to recall how various operators defined previously act on 
physical states. For example operator Zq 2 = p 1 ^, where p^ is the operator (4.23), 
acts as follows 
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The operators p 1 ^ act only on % -th Fock space and therefore 

K,P>] = * ij Vt] + ± - a\ + a\) ) = FD^ . (4.25) 

The other operators are defined in an analogous way. For example the operator 
I 12 = a^p 2 acts as 

P^) <g, |<D 2 ) = -L-^^...^^^ ...„ sl (aO|0)i® 

- I ^y^ 1 ' 2+ ---^' 2+ V^L,.., S2 (x)|0) 2) 

the operator Z 12+ = a^+p 2 acts as 

Z 12+ |$i>®|$2> = 7 ir T t^> 1+ a' il > 1+ ...c^'> 1+ ^ 1 (x)|0)i(8) 

-(^«^' 2+ ---« , ''' 2+ V /t ^...^(x)|0> 2 , 

and the operator M 12 = ^a^a 2 acts as 

M 12 |$x) ® |$ 2 ) = ^^^^ ,1+ "-^ ,1+ ^V..M. 1 (^)|0>i® 
^_^^...^^...^(x)|0> 2 . 

At this point it is instructive to present an explicit example of a computation. 
Let us compute the commutator between l u and l 12+ acting on ® |$ 2 ), where, 
for clarity, we take to be a vector and |$ 2 ) to be a scalar. 

[a^ 1 pi,a"' 1+ ri]^ 1+ |0> 1 ® ¥ » 2 |0> 2 = 

= -i(a^\pl,a^ + ]ct>y^ + K' 1 ,^ 1 ^^^)^ 2 )^)! ® |0> 2 

= -^^(V^)^ 2 )^)! ® |0) 2 (4.26) 

In obtaining the above result it was crucial that p^, as defined in (4.23), commutes 
with a v ' j+ . 

Proceeding this way one obtains the algebra of operators 

j« = ^ipj lij = a ^ ia,+ = (4.27) 

on AdS for the interacting case 

[jtf r ,+] = S im li n - 5 jn a^ + Dl v a ui ( 4 - 28 ) 

[P, Z w ] = 5 nl a» m D j a uk (4.29) 
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[Z", l mn ] = V n a vm D j ^ + 5 in a um Dl vP ^ j - V > 8 ij 8 jn l mi (4.30) 

-5 il p^ k D^ v p vj + ^ l ~ L ^ 5 ik 5 ij l% - ^~^ 8 jl 8 ij l ki (4.31) 

supplemented by the part of the algebra (4.15) which involves commutators of M % \ 
M l i' + and N l K We will call the algebra (4.28) - (4.31) the symmetry algebra of 
interacting higher spin theory in AdS space-time. 

The commutation relations above differ from the corresponding flat space - time 
ones (4.15), in that they involve extra terms which when acting on states give 
0(1/L 2 ) contributions. These terms are sub- leading in the L — > oo limit, hence 
the algebra (4.28) contracts to the flat space-time algebra (4.15) in the small curva- 
ture limit. This implies that free higher spin gauge fields in flat space-time can be 
viewed as the zero curvature limit of free higher spin gauge fields on AdS. However, 
interacting higher spin gauge fields on AdS do not have a smooth L — > oo limit since 
interaction vertices contain positive powers of L. Nevertheless, as we shall see below, 
the functional form of the cubic vertex of higher spin gauge fields on AdS differs from 
the cubic vertex in flat space-time by terms which are sub-leading as L — > oo. 

The action of the algebra (4.28-4.31) on Fock space states is more complicated 
than the free case one and appears in [13]. We find it again useful to demonstrate 
how calculations are done in the interacting case on AdS with an example: 

[P, Z 22 '+] PVJo^+lOH ® y? 2 |0> 2 = c^E^al l^y^lOh ® V? 2 |0> 2 = 
-^(l 22 ' + (N u - 1 + |) - 2M 12 >+/ 12 ) v?>"' 1+ |0>i ® y? 2 |0> 2 = 

^aJV'+O^iXVV) " <rri(VptP2))\0)i ® |0> 2 . (4.32) 

There is only one p\ from the second Fock space involved in the example above. In 
the first equality we used (4.28). In the second equality we acted with D 2 U on the p\ 
of the Z 12 ' + operator using (4.25) and (2.106). This was the only "tensor" operator 
in the 2nd Fock space, since f 2 is a scalar. Consequently, we commuted operators 
a l a and pi past each other to bring the result to the second line of (4.32). Finally, 
we used the action of the operator (4.25) on scalar Fock space states to complete the 
calculations since no other "vector" operator, in the the second Fock space, was left 
for Z 22+ or Z 12 to act upon. 

From the manipulations above we conclude the following: the algebra of con- 
straints being obviously more complicated than in the case of flat space-time shares 
its main property- namely it preserves the polynomial form of (4.12), (4.13), (4.17). 
Therefore, we can proceed in an analogous manner as in the flat case. 

The next step is to choose an expansion for the cubic vertex in terms of the 
AdS generators (4.27) and (4.14). In the AdS case the creation generators of (4.16) 
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do not commute among each other, unlike the flat case, as one can see from e.g. 
(4.30). Nevertheless, we can choose a standard ordering as in (4.17). All other 
possible orderings can be brought into the standard form ( i.e., use an analogue of 
the Weyl ordering in quantum mechanics), using the algebra (4.28-4.31) and the 
manipulations described in the previous subsection, modulo terms. The action 
of D l on "tensors" produces terms proportional to jj as on can easily verify from 
(4.25) and (2.106) that affect lower dimension terms in the L 2 expansion of X n . 
These latter terms can again be brought into the standard form following the same 
procedure and finally can be absorbed into the definition of the matrix elements with 
lower dimension than the one we started from. 

In addition, although naively we do not have momentum conservation in AdS 
space-time, we can still make use of the equation J2iPi — 0, since it leads to total 
derivative terms in the Lagrangian. 

To conclude, one can construct the same linearly independent set of generators 
as in (4.16). The expansion of the coefficients is exactly the same as in (4.17) with 
all generators the AdS equivalent of the flat ones. In order to write down the BRST 
invariance condition in a simpler form let us write the BRST charge on AdS in a 
compact form 



Q = c i + cl + + c + l - -^(7+M + 7 M+) - c + cb (4.33) 



with 



Z — »• Zo = P% + ^(K + «m) 2 + Va^ + a^-6a^ + a tl -2V + 6-4M + M + 

c+b^a^a^ + 2£> - 6) + & + c(4c^+a M + 2V - 6) + 12c + bb + c). (4.34) 

Using the explicit form of (4.33) it is straightforward to write down the equations 
resulting from (4.6). They are the same as in flat case with the substitution Iq — > Iq 
as in (4.34) along with some modifications which appear because of the explicit 
dependence of the BRST charge. The final result is: 

16 

j'+irx 1 - i s > + xi - i s xf s + -m s > + x? s .j = o 

+ ^5 ]k M 3 X% - 6M S ' + Xf ss) . m;is )\ = (4.35) 

32 

j> + p k > + [-s jk x* + rx% - r- ■ xl :jh - 2i s xf ls) . m - T2 M s >+xl m ^ s) ] = o 



„i,+ .Jk,+ lm,+ \riyA q;s,+ v7 ?s y8 

C 7 7 [l A (ifc);(im) - 6L ^{is);{jk);{lm) ~ f A (jk);(lm);is 

-p jkM iX? m .J = 
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c 7 P [—^°lm^{il)-(jk) + f ^jfcjJm - /f ^ (is);(jk);lm ~ Z< 0^- jk;{is);(lm) 

+ f 2 ^Xf lm) , tj) ] = 

Combinations involving the operator /q should be understood as follows: for example 
the term in the first equation c l+ l^Xf s is a result of an action of the operator Cq + /q 
at Xf nn (3 +mn and using the expression (4.34) 

c^ + P Xl n r n ' + = -c^{p^% + ^{{a^a^f + Va^ s+ al-^ s+ al- (4.36) 

(2D - 6) s - AM s ' + M s ))Xl - ^ + {Aa^ i+ al + {2V - 6)*)^. 

The equations in (4.35) are more difficult to analyze compared to the flat case despite 
their apparent similarity. The main reason is obvious from the algebra (4.28)-(4.31) 
which has nontrivial commutators containing D l . This causes more of a technical 
difficulty rather than a conceptual one. It would be interesting to find a solution in a 
closed compact form (if such a solution exists of course) but at the present moment 
we are content to have a well defined iteration procedure and a system of equations 
which can be straightforwardly solved via this procedure as we shall demonstrate 
with a couple of examples below. 

4.2 Some explicit examples 

Spin-1 with two scalars Let us work out in detail the most trivial example of a 
vector field interacting with two scalars i.e., the case of scalar electrodynamics. Let 
us put the scalars in the first and the second Fock spaces respectively, and the vector 
field in the third Fock space. Since the oscillators a^ + , c l ' + and b h+ occur only in 
the third Fock space we omit the index % for them in what follows. The fields we are 
using are 

|$ 1 ) = 1 (x)|O), |$ 2 > = 2 (:r)|O>, (4.37) 

\<f> 3 ) = (A^x)a» + -iCb + )\0), (4.38) 

\A)=i\b + \0). (4.39) 

Then, according to the discussion after equation (4.20), in order to saturate the last 
term in (4.2) we need the expansion of the vertex at K — 1 and ghost number zero. 
Obviously the unique possibility is 

V = a^a^ + d iC + bl, i = 1,2,3 (4.40) 

where ai and di are constants to be determined. However, one can show that some of 
these constants are redundant. Let us consider the cohomology of the BRST charge 

Q = Qi + Q2 + Q 3 = clll + clll + clll + c + Z 3 + c/+- 3 - c + cbl (4.41) 
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Recalling that the vertex is determined modulo QW and taking (the unique option) 

W = b + w, QW = c + b 3 (4.42) 

one 'gauges away" the parameter d%. Furthermore, since we have the momentum 
conservation law + p 2 ^ + p 3 ^ = 0, we can express p 3 ^ in terms of the other two. 
This means that the parameter 03 is redundant as well. So we have four parameters 
a 1 ,a 2 ,di,d 2 - The condition for BRST invariance of the vertex gives: 

c + (-tf>>i - d 2 p\p\ + a x p\p\ + a 2 plp\) = 0. (4.43) 

Applying momentum conservation to the first two terms one arrives at the equations 

d 1 + d 2 = 0, d 1 + a l = 0, a 2 -d l = 0, (4.44) 

i.e., we can choose 

ai = ig, a 2 = -ig, d 1 = -ig, d 2 = ig. (4.45) 

Let us write down the interaction vertex 

V = J dc^c^^(O|0i(x)(O|0 2 (x)(O|(AX 

+iCbc 3 ){a i p i ^ + + & lC +6 J )c^ C 3|0>|0>|0> + h.c. 

= J dcSd^tfcg<O|0 1 (O|^ 2 (O|A M (a i )^cJcgcg|O)|O)|O) + /i.c. 

= -0102^^4 + h.c. = -gid^faA" + gid^faA" + h.c. (4.46) 

which is the standard vertex for scalar electrodynamics. For the gauge transforma- 
tions we get 



.< - - , o'c^ C 3(O|0 2 ( a ;)(O|A6(-2)rf lC + ^c^|O)|O)|O) (4.47) 

dcgrfcg<O|0 2 (x)<OjAi<iic§cgjO>|O>|O> 
= -id 1 (f) 2 (x)X = -g(f) 2 (x)\ 

8<h = 9<t>i(x)\ SA^d^X. (4.48) 

The analysis for the case of AdS v is absolutely the same and gives the same result. 
Spin-2 triplet with two scalars 

We assign the field with spin two to the third Fock space, so we have [18] 

l$3> = (^h^(x)a^ + a u+ + D(x)c + b + -tC^x)a^ + c 3 b + )\0) , (4.49) 
|A) = iA M (rr)^+6+|0) . (4.50) 
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In this case we need the expansion of the vertex at K = 2. Following the same 
procedure as in the previous case we get the Lagrangian 



L — Lf ree + L int , (4-51) 

Lfree = (<9 M 0l) + (<9 M 2 ) (c^0 2 ) + W 2 (0? + (g) + (dph^) (cW) 

-A{d^)Cu - Kd^)D - 2(d lx D)(d»D) + 2C,C» , (4.52) 

L int = C 2 , (h^idpdMfa + h'"{drd v <j> 2 )<i> 1 -2^(^00(^02)) 

-C 2;1 0x0 2 (^ - 2L>) , (4.53) 

and the relevant gauge transformations 

50! = C 2i0 (2A^0 2 + 2 c^) , (4.54) 

502 = C 2j0 (2A^0x + 0^) , (4.55) 

<5 V = d/A, + 3,A M , <5C M = nA M , 5D = , (4.56) 



where C 2 ,o and C 2) i are arbitrary real constants. Note that we have added a mass- 
term for the scalars in the Lagrangian. Curiously enough the Lagrangian describing 
the interaction of two massless scalars with a spin two triplet is still gauge invari- 
ant after the addition of the mass terms for the scalar. This opens the interesting 
possibility to start with the Lagrangian for the free massive scalars and gauge its 
symmetries. In this way one recovers the Lagrangian given above after gauging the 
symmetries generated by a parameter A M . A similar result holds for the case of two 
scalars interacting with a spin 3 gauge field. In this case one gauges the symmetries 
of the free Lagrangian generated by a parameter [18] (see also [95], [96]). 

According to our general construction we have obtained the cubic vertex which 
involves two different scalars and the triplet with higher spin 2. To obtain the 
interaction of a single scalar with the spin-2 field we need to set 0i = 2 . Note that 
setting i.e. 2 = is meaningless since in our formalism that would mean to consider 
two Fock spaces, hence no cubic interaction vertex. It should also be noted that for 
0i = 02 (4.53) is equivalent to the linearized interaction of a scalar field with gravity. 
The generalization for the coupling of a spin-2 triplet with an arbitrary number of 
scalar fields n goes in an analogous manner. 

In AdS-D we replace ordinary derivatives with covariant ones. There will be no 
other changes for the gauge transformation rules (4.56) (i.e., for all fields 5acis — 5) 
except for 

S A dsC li = SC li + ^^-X li . (4.57) 

The free Lagrangian is modified to include the standard AdS "mass-terms" of order 
1/L 2 

AL free = -^{2h»K-lQh»D + 2h^W v + {AV+12)D 2 + {2V-Q) (0?+0^)) . (4.58) 
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The interaction part also changes and gets an additional piece 

AL mt . = C 2i0 ^%i0 2 . (4.59) 

This is an additional interaction of the D scalar with a "spin-0" current. 
Spin-3 triplet with two scalars 
The spin-3 triplet is described by the field [18] 

l$s> = (| K vp (x)a» + a» + a p+ + D^x)a» + c + b + - % -C '^(x)a^ a"* c 3 b + )\0) , (4.60) 

\A)= t -\,u(x)a^a" + b + \0). (4.61) 

Again, solving the BRST invariance condition for the vertex at K = 3 we get the 
relevant gauge transformations 

50! = 3* C 3i0 (4A^cU 2 + 2 d M cU^ + 4(d M 2 )(cU^)) + i C 3 ,i 2 A£ , (4.62) 

50 2 = _3i C 3 , (AX^d^fa + 4>id„d v \^ + 4(^0(9^)) - ^ C 3 ,i 0iA£ , (4.63) 

Sh^p = dpX vp + d v \ w + <9 p A M!y , tfC^ = DX^, 5D p = d v X v ^ . (4.64) 

and the free and interacting parts of the Lagrangian 

Lfree = {d^iW 4>i) + (c^ 2 )(c^ 2 ) + m\^\ + <g) + (d T h^) (d T h^\4.65) 
-6(d p h^)C w - Yl{d^)D v - Q{d,D u ){d»D v ) + 3C,C» , 

L int = i C 3i0 (h^d^dpth - h^fcd^dpfa -Sh^id^MidM 
+3h^(d IM d v <f> 1 )(d p <h)) 

+i C 3l i (/iJT - 2D»)(<j> 1 d li <j> 2 - fadM + h.c, (4.66) 

where C 3j o and C 3) i are arbitrary pure imaginary constants. Note that in this case, 
had we set <p\ = 2 the interaction would have vanished. Unlike the previous example 
for the case of an interacting triplet with higher spin 3 with two scalars one cannot 
put the scalars 4>i an d 2 to be equal to each other so one needs a complex scalar in 
analogy with scalar electrodynamics. There is one more difference with respect to 
the previous example, namely when doing the deformation to the AdSv case , apart 
from changing ordinary derivatives to covariant ones, both the Lagrangian and gauge 
transformation rules for scalars get deformed 

AL /ree = -±(6h^Kp - A8h^D v -{V- 3)h, up h^ + 



+18(2) + 3)D»D^ + (2D - 6) (0? + <%)) (4.67) 
6V 

AL int = i C 3fi — D» (0xV M 2 - 2 V M 0!) + h.c. (4.68) 

^Ad50i = <Wi - i Cs,o j2 X ^ 5 AdS<f>2 = S(j)2 + i C 3 ,o j^Xfti, (4.69) 

SAdsC^ = 5C, U + 2(1 ~ P) A^ + ^9^X p p . (4.70) 
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4.3 An exact vertex 



In this subsection we will give a solution to the cubic vertex which is exact to all 
orders in the constant g [17]. We begin first with the simple case of a vertex for 
totally symmetric fields. This means we consider only one set of oscillators as in 
(2.53). The form of the vertex can be deduced from the high energy limit of the 
corresponding vertex of OSFT. In bosonic OSFT the cubic vertex has the form 

I V 3 ) = J d Pl dp 2 dp 3 (2n) d 5 d ( Pl +p 2 + p 3 ) (4.71) 

(i 3 oo 3 \ 

2 E E <i vr+ E E <*xtLK? l->i23, 
i,j=l n,m=0 i,j=^ n>l,m>0 J 

where the solution is given in terms of the Neumann coefficients and all string modes 
contribute. The oscillators a l are proportional to the momenta p 1 ^. The vertex is 
invariant under the action of the BRST charge (2.49). In addition, the action (4.2) 
with the vertex (4.71) is invariant under the gauge transformations (4.3) to all orders 
in g. 

Furthermore, since the BRST charge can be truncated to contain any finite num- 
ber of oscillator variables [11], it is possible to look for the BRST invariant vertex 
that describes the interaction among only totally symmetric tensor fields of arbitrary 
rank, without the inclusion of modes with mixed symmetries. One possibility is to 
start from the SFT vertex (4.71) and keep in the exponential only terms proportional 
to at least one momentum p 7 ^, therefore dropping all trace operators (a^r/^al), as 
one does when obtaining the BRST charge (2.51) from (2.49) since they are leading 
in the a' — > oo limit. However, since these terms are exponentiated and the term 

<*n'Ji N riK is of the same order as a Z£ N noP S n («n,M N nm a m°v) p m,n>l,& priori one 
can keep them both . The same is true regarding the ghost part where, although 
the term c+' r b s Q is leading compared to the term c+' r X™ m b s m , n, m > 1, one can not 
neglect the latter one in the exponential. Let us stress that all these terms will be 
essential to maintain the off shell closure of the algebra of gauge transformations and 
complete gauge invariance of the action. 

Based on the discussion above one can make the following ansatz for the ver- 
tex which describes interactions between massless totally symmetric fields with an 
arbitrary spin 

\V) = V 1 x V mod \-) 123 (4.72) 
where the vertex contains two parts: a part considered in [44] 

V 1 = exp ( Yijl+n + Z l3 (3 + ^ ) , (4.73) 

and the part which ensures the closure of the nonabelian algebra 

V mod = exp ( S i:j ^ + ' ij + PijM+v ), (4.74) 
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where Pij = Pji. Putting this ansatz into the BRST invariance condition and using 
momentum conservation p l + p 2 + p^ = one can obtain a solution for Y rs and Z rs 

Z ili+1 + Z iti+2 = (4.75) 

= Yu ~~ Zu — l/2(Z iji+1 — Z i:i+2 ) 

Yi t i+2 — Yn — Za + l/2(Zj 5 j + i — Z,^i + 2). 

Sij = Pij = i± J (4.76) 
Pa Sa = i — 1, 2, 3. 

In what follows we will assume cyclic symmetry in the three Fock spaces which 
implies along with (4.75) 

Z\2 = Z23 = Z31 = Z a , Z21 = Z13 = Z32 = Z\y = —Z a (4.77) 

Y12 = Y23 = I31 = Y a , Y21 = Y13 = Y32 = Yb 

Yu = Y, Za = Z, Pa = Sa = S = P 

Having determined the form of the vertex from (4.75) and (4.76) we will proceed in 
computing the commutator of two gauge transformations with gauge parameters |S) 
and |A). In general, closure of the algebra to order 0(g) implies 

[Sa, 5 H ]|$i) = 5Al$i)=Qi|Ai)-^[(($ 2 |(A3| + ( < f3|(A 2 |)|V)]+ 0(g 2 ) 

(4.78) 

where 

|Ax> = <7«A 2 |(S 3 | + (A 3 |(S 2 |)|y) + 0(g 2 ). (4.79) 

It should be emphasized that unlike the case of free triplets where the total La- 
grangian splits into an infinite sum of individual ones [11], for the case of interacting 
triplets the fields |$;) of (2.26) need to be composed of an infinite tower of higher 
spin triplet fields, at least when the vertex is defined via (4.72) or (4.73). In other 
words: 

00 

l*i> - E l*{ -) >- ( 4 -80) 

s=0 

Let us give the full nonabelian gauge transformations based on (4.3) 

5(\ Vl ) + 4 b+ Id,) + c? b+ |ci» = (/+ + In 4 K + c? 6+ ll) |Ai) + 

+ g e (s 4K) {-Z a (( V2 \ (A 3 | \A) - S ((d 2 \ (As| \A))) + (4.81) 

+ (Z Z a - Zf) (c 2 | (A 3 | \A) + (2 <- 3, Z a - Z b )} 

where for convenience we have defined the matter part of the vertex 

3 

\A) = exp ( Y tj l + ' ij + P]TM + '") |0). (4.82) 

i=i 
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From this transformation rule it is very simple to prove the exactness of the vertex. 
Namely, the crucial point is the presence of the term e Sc ^ . Indeed, taking the 
variation with respect to say |$i) in the interaction term and considering the term 
of order g 2 one obtains a term (0i|e -Sci61 . This term should be saturated by the 
term e 5c i^|0i) from the vertex. Therefore, the whole expression vanishes if 



\S\ Z = 1 (4.83) 

In a similar manner one can prove the closure of the algebra at order g 2 . The 
commutator of two gauge transformations is 

[<SA,fe]l*i> =Qi|Ai) (4.84) 
+g 2 [(V\ (\^)\A 3 ) + IAOISs) ) + (V\ (|$ 1 )|A 2 ) + |A 1 >|<^> 2 >) (E 2 \\V) 

~(V\ (|$i>|Ss> + ISOI^s)) (AallV) - (V\ (\^)\E 2 ) + {E^)) (A 2 \\V) 

where we have suppressed the integrations over the ghost fields of (4.3). One can 
show that the condition (4.83) leads to 

[5A,fepi> = 0, (4.85) 

or rather to 

5 A 5 a |$i) = 0. (4.86) 

In other words we can consider the vertex (4.72) as a field dependent deformation of 
the BRST charge in (2.51), which can be written schematically 

Q' = Q + gV(<f>) (4.87) 

with the nilpotency property 

Q' 2 = Q 2 + 2gQV{<$>) + g 2 V{<5>) 2 = 0. (4.88) 

Proceeding further in analogy with String Field Theory one can make both the string 
functional and gauge transformation parameters to be matrix valued (i.e., introduce 
Chan -Paton factors). The resulting theory will still satisfy (4.86). 

The case of arbitrary mixed symmetry fields is completely analogous to the con- 
struction for totally symmetric fields. As in (4.72) we make the ansatz 

oo 

V = ex P (£ Y^lt^ + Z£>/#< B >) x (4.89) 

71=1 

OO 

exp ( >T 4 nm) 7 J' (nm) + /><f m) M+' (nm) ) 

n,m=l 

where in this case we are summing over n, m as well. We put the oscillator level 
indices in parentheses in order to distinguish them from the Fock space ones. The 
oscillator algebra takes the form 

a+' (n)j ] = S mn 5 ij gflu , {c + ' (m) > 1 , b {n) ' j } = {c (m) '\ b + + n) ' j } = 5 mn 5 i] . (4.90) 
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BRST invariance with respect to (2.51) implies 



O <-XJ 

E E ^(x!s } ^ - 4 r V)l->i23 = o (4.9i) 



i=l r=0 



3 oo i 
^ ^| c +,(r),i ^p(«) l+,{s),U + pM j+,(s),J^ -f S+ s) l+,(s),kk^j 



i=l r =0 



3 oo 

6 i C +,(P),< c +,(r),m p ^f}|-) 123 = (4.92) 

where the summation over repeated indexes is assumed. Solving (4.91) we get 

4+i + 4U = (4.93) 
^M+i = — 4 ^ — 2^4+i ~~ 4+2) (4.94) 
Y^U = - 4 + J(4 + i " 4U (4-95) 



2 

Equation (4.92) gives 



S*>f = P<* s) = i^jorp^s (4.96) 



/t s) -^ s) = i = l,2,3. 

We can choose once more a cyclic solution in the three Fock spaces as in (4.77) and 
in this way get an obvious generalization of (4.93). Finally as in the case of only one 
oscillator, the complete invariance of the vertex requires. 

|.S (r) | 2 = i, (4.97) 

for all r being integer numbers. 

Let us conclude with several remarks 

• Dropping the cyclicity constraint does not seem to alter the conclusions. In 
this case we will have \Su\ 2 = 1, % — 1, 2, 3. 

• Despite the algebra being trivial it seems the vertex cannot be obtained from 
the free Lagrangian via some field redefinition. In other words the vertex (4.72) 
is not an exact cohomology state of the BRST charge (2.51): \V) 7^ Q\W) for 
any \W). One can show that only terms diagonal in the Fock spaces i,j can 
be removed from the exponent of (4.72) via a specific field redefinition scheme 
[13]. 

• The infinite tower of triplets is essential for the closure. The nonabelian part of 
the gauge transformation of each component of \tp) is cancelled against the same 
rank tensor component of \d). However, the two tensors belong to different 
triplets. 
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5 Fermions 



In this section we briefly describe the generalization of the constructions given in the 
previous chapters to the case of the fermionic fields. 

In order to describe massless reducible representations of the Poincare group 
with an arbitrary half-integer spin let us start with the open sector of the type-I 
superstring, (closed superstrings could be treated in a similar way). Let us first 
perform the a' — > oo limit in the BRST charge for the open superstring 



Q = E 

— oo 

'3n 



+00 r ^ 

L- n C n + G_ r r r — — (m — n) : C_ m C_ n B m+n : 



(on \ 

where a is the intercept and the super- Virasoro generators 



a C , (5.1) 



1 +°° 1 

Z l=-oo 4 r 

+00 

G r = J2 "i^r-i , (5-2) 
i=— 00 

obey the super- Virasoro algebra 

[L fc ,L,] = (k-l)L k+l + j (k 3 - k) , 
[L k , G r ] = ^— — r^j G k+r , 

{G r , G s } = 2L r+s + | (r 2 - 5 rs . (5.3) 

Here (k, I) are integers for both the Neveu-Schwarz (NS) and Ramond (R) sectors, 
while (r, s) are integers for the R sector and half-odd integers for the NS sector, 
T> denotes once more the space-time dimension (T> = 10 for the tensile string) and 
«o = v / 2a 7 p M . The fermionic oscillators ipp and the ghosts T r and antighosts B r 
satisfy 

= <W a> o»r , [r„B s ] = *<5 r+s , , (5.4) 

and the intercept is a = in the R sector and a — \ in the NS sector. 
Rescaling the ghost variables as 

7 _ r = v 7 ^ 7 T_ r , (3 r = -L= £ r (5.5) 



'2a' 

and then taking the a' — > 00 limit, one obtains the BRST charge for the NS sector 

Qivs = c £ + Q NS - M NS b , (5.6) 
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with 



QNS = i c -kh + 7-r 9r\ , 

■y +00 

M NS = 77 XI [ k C- k C k + 7-r 7r ] , 



and 



gV = p ■ 1p r . 

In a similar fashion, the limiting BRST charge for the R sector reads 
Qr = c £ + 70 g + Qr - M R b - - ^ b , 



(5.7) 
(5.8) 
(5.9) 



where Qr and Mr are again given by (5.7), the only difference being that their 
sums are over half-odd integer modes for fermionic Virasoro generators and bosonic 
(anti)ghosts. Both BRST charges are again identically nilpotent, independently of 
the space-time dimension V. 

For the type I superstring, the string field is invariant under the action of the 
BRST invariant GSO projection operators for the NS sector 



and for the R sector 
Pr ~- 



NS 
1 

2 



1 

2 



l _|_ j u f — l^r ^r+ilt Pr-ilr Pl+ilO A) 



(5.10) 



(5.11) 



where 711 is the ten-dimensional chirality matrix. Expanding the NS string field and 
gauge parameter in terms of the fermionic ghost zero mode as 



NS\ 



I A 



NS\ 



= |Af s ) + colAD , 



NS\ 



(5.12) 



and making use of the BRST charge (5.6), one obtains the field equations 



o|<ff S ) - QnsW) 



NS\ 







Qns\$i) - M NS \$ 2 
along with the gauge transformations 



NS\ 



, 



(5.13) 



5\^ s ) = Q NS \A^) - M NS \A 



NS\ 



,NS\ 



5\<S>» S ) = e \A* 



NS\ 



Qns\^2 S ) 



(5.14) 



The R sector is more complicated, due to the presence of the bosonic ghost zero 
mode tq. However, one can work with the truncated string field 



$«) = |$f) + 7o |$«) + 2cog \$?) , 



R\ 



(5.15) 
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while still preserving the relevant portion of the gauge symmetry and, of course, 
not affecting the physical spectrum [97]. The resulting, consistently truncated, field 
equations 

<?o|$f> + Q R \*f) = o , 

Q R \$«) - 2M R g \$*) = 0, (5.16) 

are then invariant under the gauge transformations 

<S|$f) = Q fl |Af) + 2M R g \A*) , 

6\**) = flb|Af> - Q R \A*) . (5.17) 

Symmetric spinor-tensors 

If, as for the bosonic string, one considers fields l^' 1 ) and \Q R ' 2 ) depending only 
on the bosonic oscillator and on the fermionic ghost variables c_i and the 
expansions 

l^f) = ^„ lW ...^(x)a^ 1+ a^...a^ + |0> 

+ ^2)! Vw...^- a (^)a M1+ « M+ --«^ a+ |0> » 
l*?> = " v ^ (n 1 _ 1) , X^ 2 ...^)^ + a^ + ...a^ + \0) (5.18) 

define spinor-tensor fields ip, x and A totally symmetric in their tensor indices and of 
spin (n+ 1/2), (n — 1/2) and (n — 3/2), respectively. Substituting these expressions 
in the field equations (5.16) then yields precisely the fermionic triplet equations of 
[9]: 

lN> = dx , 

d ■ -0 - dA = , 

^A = (5.19) 
where j$ = 7^(9^. The BRST gauge invariance involves an unconstrained parameter, 

|A'i) = t^T)! e m .., n _ 1 (x)a^a^ + ...a^ + \0) , (5.20) 

and determines the gauge transformations 

Sip = de , 
5 A = 9 • e , 

= , (5.21) 

in agreement with [9]. 
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Let us note, however, that the totally symmetric bosonic triplets do not arise 
directly in the NS sector of the open superstring, since all states containing only 
bosonic oscillators and fermionic b, c ghosts are eliminated by the GSO projection 
operator (5.10). However, they can emerge from tensors with mixed symmetry, or 
even directly if the GSO projection is modified to correspond to type-0 strings [98] 
(see [99] for a review). One can also consider generalized triplets for spinor-tensors 
in complete analogy to the case of the bosonic string [11]. 

Space-time Supersymmetry 

Generalized triplets of mixed symmetry are actually the superpartners of sym- 
metric fermionic triplets in the type-I superstring. Below we briefly outline how the 
supersymmetry for the triplets can be established. 

We consider the case where the fields in the Ramond sector consist of totally 
symmetric fields, while the field in the NS sector, apart from the oscillators a M , c 
and b, contain at most one creation operator ^1/2 a l° n g with the (3 and 7 ghosts. 
This case corresponds to the N — 1 SUSY. Fixing the number of oscillator ip +,fl and 
a +fl , will determine the content of the generalized triplet. Namely, one can show 
that the bosonic ghosts and their conjugate momenta 7 ^ 2 and f3y 2 can appear only 
once in the expansion of l^ 5 ). Then one can show that the total Lagrangian 

C tot . = <^|Z |^> - <^ S |Q^|^> - (^IQ^I^) + ^lAf^l^) 
+<*f |sb|$f ) + (<£>? |Q fl |Sf ) + ($f \Q R \$«) - 2(<S>» s \M R g \<S>*) (5.22) 

is invariant under the supersymmetry transformations 

6\*» s ) = u + \$?) - 7l > + |^>, 6\$» s ) = 2u + g \®«) (5.23) 
*|*f ) = -2g u\^ s ) + 7 iH< 5 >, 6\<S>f) = u\^ s ) (5.24) 

with 

u = (0 NS \ exp + ^7i/2A/ 2 )|0 fl ). (5.25) 

In this manner the generalized triplet in the NS sector with physical field (top spin) 
which has one ^-1/2 oscillator and n bosonic oscillators is superpartner of the 
R sector triplet in (5.18) with n bosonic oscillators for the physical field (top spin). 
Therefore the expansion of the exponential in (5.25) will have a finite number of 
terms in its Taylor expansion. 

One can possibly try to consider an arbitrary oscillator content in both sectors. 
For this reason one has to construct the operator which is similar to that of [97] (which 
is an analog of the fermion emission vertex operator of [100]) which transforms states 
of the NS sector to states of the R sector and vice versa. This operator should have 
the property 

QrU = UQ NS . (5.26) 

However this problem along with the problem of finding irreducible supermultiplets 
for the generalized triplet is still open. 
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Compensator equations 

Similarly to the case of bosonic fields, one can write the compensator equations 
for the fermionic fields as well. Namely, introducing the fermionic Fang-Fronsdal 
operator [32] 

S = i (flip - dijf) (5.27) 

and using the short-hand notations of section 1 one can write the compensator equa- 
tions in the form 

S = -2id 2 ^ 

i' = 2d-i + d£' + (5.28) 

where the field £ is the compensator. These equations are then invariant under the 
gauge transformations 

Sip = de , 

5£ = 4, (5.29) 

involving an unconstrained gauge parameter, and are consistent, since the first im- 
plies the second via the Bianchi identity 

S - \dS' - \ = id 2 4'. (5.30) 

The corresponding Lagrangian description of compensator equations are derived in 
[19], while the AdS deformation of both fermionic and bosonic compensator equations 
can be found in [11]. 
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A Some Formulas in Ambient Space 

For simplicity we shall put the radius of the AdS space equal to 1. One can check 
some useful relations for an ambient space 

d AB d BC = d AC j V C 9 AB = 9 CA y B + 9 CB y A^ -^jAqAB _ J)yB ^ (A.l) 

[V A , V b ] = -VaVb + VbV a , (A.2) 
[V 2 ,y A ]=2V A + Vy A , [V 2 , V A ] = (2 - V)V A + 2y A V 2 . (A.3) 

y A V A = 0, y A 9 B = 0, V A y A = V. (A.4) 
The induced metric, its inverse and Christofell connection look as follows: 

9^ = (d»y A )(d v y A ), f = (W)(vV), T ^=d^dJ^- ^ 
We have also 

A dy^dx^ dy^chf_ 

dx»dy B) v dx»dy A ' K ' 

as well as 

e AB = <r(dp V A )(d vV B ), (a.7) 

which follow from the differentiation rules 

e AB 9 = Ac<te!__d_ _d_ = 8y^__d_ 

dy B dy c dx^ ' dx^ dx^ dy A 

Finally, it is straightforward to derive the following relations 

j dx^ = dy A 
dy B 9 dx" ' ' 



o AB ^=g^, W = -r^. (A.9) 



V A V A ® ClC2 - Cs = VV/ lft - c ', = g^y A . (A.10) 

References 

[1] E. S. Fradkin and M. A. Vasiliev, Nucl. Phys. B 291, 141 (1987). E. S. Fradkin 
and M. A. Vasiliev, Annals Phys. 177, 63 (1987). 

[2] M. A. Vasiliev, Phys. Lett. B 243, 378 (1990). M. A. Vasiliev, Phys. Lett. B 
285, 225 (1992). M. A. Vasiliev, Phys. Lett. B 567, 139 (2003) [arXiv:hep- 
th/0304049]. M. A. Vasiliev, arXiv:0707.1085 [hep-thj. M. A. Vasiliev, JHEP 
0412 (2004) 046 [arXiv:hep-th/0404124]. M. A. Vasiliev, Nucl. Phys. B 616, 
106 (2001) [Erratum-ibid. B 652, 407 (2003)] [arXiv:hep-th/0106200]. K. B. Al- 
kalaev and M. A. Vasiliev, Nucl. Phys. B 655, 57 (2003) [arXiv:hep-th/0206068]. 
E. D. Skvortsov and M. A. Vasiliev, Nucl. Phys. B 756 (2006) 117 [arXiv:hep- 
th/0601095]. 



52 



[3] S. W. MacDowell and F. Mansouri, Phys. Rev. Lett. 38, 739 (1977) [Erratum- 
ibid. 38, 1376 (1977)]. 

[4] K. S. Stelle and P. C. West, Phys. Rev. D 21, 1466 (1980). 

[5] A. Pashnev and M. M. Tsulaia, Mod. Phys. Lett. A 12, 861 (1997) [arXiv:hep- 
th/9703010]. 

[6] A. Pashnev and M. Tsulaia, Mod. Phys. Lett. A 13 (1998) 1853 [arXiv:hep- 
th/9803207]. 

[7] I. L. Buchbinder, A. Pashnev and M. Tsulaia, Phys. Lett. B 523 (2001) 
338 [arXiv:hep-th/0109067]. I. L. Buchbinder, A. Pashnev and M. Tsulaia, 
[arXiv:hep-th/0206026]. 

[8] D. Francia and A. Sagnotti, Phys. Lett. B 543, 303 (2002) [arXiv:hep- 
th/0207002]. 

[9] D. Francia and A. Sagnotti, Class. Quant. Grav. 20 (2003) S473 [arXiv:hep- 
th/0212185]. 

[10] D. Francia and A. Sagnotti, Phys. Lett. B 624, 93 (2005) [arXiv:hep- 
th/0507144]. 

[11] A. Sagnotti and M. Tsulaia, Nucl. Phys. B 682 (2004) 83 [arXiv:hep- 
th/0311257]. 

[12] A. Fotopoulos, K. L. Panigrahi and M. Tsulaia, Phys. Rev. D 74, 085029 (2006) 
[arXiv:hep-th/0607248]. 

[13] I. L. Buchbinder, A. Fotopoulos, A. C. Petkou and M. Tsulaia, Phys. Rev. D 
74 (2006) 105018 [arXiv:hep-th/0609082]. 

[14] D. Francia, J. Mourad and A. Sagnotti, arXiv:hep-th/0701163. 

[15] D. Francia, Nucl. Phys. B 796, 77 (2008) [arXiv:0710.5378 [hep-th]]. 

[16] D. Francia, J. Mourad and A. Sagnotti, arXiv:0803.3832 [hep-th]. 

[17] A. Fotopoulos and M. Tsulaia, Phys. Rev. D 76 (2007) 025014 [arXiv:0705.2939 
[hep-th]]. 

[18] A. Fotopoulos, N. Irges, A. C. Petkou and M. Tsulaia, JHEP 0710 (2007) 021 
[arXiv:0708.1399 [hep-th]]. 

[19] I. L. Buchbinder, V. A. Krykhtin and A. Pashnev, Nucl. Phys. B 711, 367 
(2005) [arXiv:hep-th/0410215]. 



53 



[20] I. L. Buchbinder and V. A. Krykhtin, Nucl. Phys. B 727 (2005) 537 [arXiv:hep- 
th/0505092]. 

[21] I. L. Buchbinder, V. A. Krykhtin and P. M. Lavrov, Nucl. Phys. B 762 (2007) 
344 [arXiv:hep-th/0608005]. 

[22] I. L. Buchbinder and V. A. Krykhtin, [arXiv:hep-th/05 11276]. I. L. Buchbinder, 
V. A. Krykhtin, L. L. Ryskina and H. Takata, Phys. Lett. B 641 (2006) 386 
[arXiv:hep-th/0603212]. I. L. Buchbinder, A. V. Galajinsky and V. A. Krykhtin, 
[arXiv:hep-th/070216lj. I. L. Buchbinder, V. A. Krykhtin and A. A. Reshetnyak, 
arXiv:hep-th/0703049. A. A. Reshetnyak, arXiv:071 1.4489 [hep-th]. I. L. Buch- 
binder and V. A. Krykhtin, arXiv:0710.5715 [hep-th]. 

[23] R. R. Metsaev, Class. Quant. Grav. 11 (1994) L141. R. R. Metsaev, [arXiv:hep- 
th/9810231]. R. R. Metsaev, Phys. Lett. B 643 (2006) 205 [arXiv:hep- 
th/0609029]. R. R. Metsaev, Phys. Rev. D 77 (2008) 025032 [arXiv:hep- 
th/0612279]. 

[24] X. Bekaert, N. Boulanger and S. Cnockaert, JHEP 0601, 052 (2006) [arXiv:hep- 
th/0508048]. X. Bekaert, N. Boulanger, S. Cnockaert and S. Leclercq, Fortsch. 
Phys. 54, 282 (2006) [arXiv:hep-th/0602092]. N. Boulanger, S. Leclercq 
and S. Cnockaert, Phys. Rev. D 73 (2006) 065019 [arXiv:hep-th/0509118]. 
N. Boulanger and S. Leclercq, JHEP 0611 (2006) 034 [arXiv:hep-th/0609221]. 

[25] Yu. M. Zinoviev, [arXiv:hep-th/0108192]. 

[26] Yu. M. Zinoviev, Nucl. Phys. B 770 (2007) 83 [arXiv:hep-th/0609170] 
[27] A. K. H. Bengtsson, [arXiv:hep-th/0611067]. 

[28] R. Banerjee and B. R. Majhi, Annals Phys. 323 (2008) 705 [arXiv:hep- 
th/0703207]. 

[29] G. Barnich, N. Bouatta and M. Grigoriev, JHEP 0510 (2005) 010 [arXiv:hep- 
th/0507138]. 

[30] C. Fronsdal, Phys. Rev. D 18 (1978) 3624. 

[31] C. Fronsdal, Phys. Rev. D 20 (1979) 848. 

[32] J. Fang and C. Fronsdal, Phys. Rev. D 18 (1978) 3630. 

[33] S. Weinberg, Phys. Rev. 134, B882 (1964). 

[34] S. Weinberg, Phys. Rev. 133, B1318 (1964). 

[35] A. K. H. Bengtsson, I. Bengtsson and L. Brink, Nucl. Phys. B 227, 41 (1983). 



54 



[36] A. K. H. Bengtsson, Nucl. Phys. B 333, 407 (1990). 

[37] A. K. H. Bengtsson, Class. Quant. Grav. 5 (1988) 437. 

[38] W. Siegel and B. Zwiebach, Nucl. Phys. B 263 (1986) 105. 

[39] V. D. Gershun and A. I. Pashnev, Theor. Math. Phys. 73 (1987) 1227 [Teor. 
Mat. Fiz. 73 (1987) 294]. 

[40] S. Ouvry and J. Stern, Phys. Lett. B 177 (1986) 335. 

[41] A. K. H. Bengtsson, Phys. Lett. B 182, 321 (1986). 

[42] F. A. Berends, G. J. H. Burgers and H. van Dam, Nucl. Phys. B 271 (1986) 
429. F. A. Berends, G. J. H. Burgers and H. van Dam, Nucl. Phys. B 260, 295 
(1985). 

[43] F. Hussain, G. Thompson and P. D. Jarvis, Phys. Lett. B 216, 139 (1989). 

[44] I. G. Koh and S. Ouvry, Phys. Lett. B 179, 115 (1986) [Erratum-ibid. 183B, 
434 (1987)]. 

[45] L. Cappiello, M. Knecht, S. Ouvry and J. Stern, Annals Phys. 193, 10 (1989). 

[46] L. P. S. Singh and C. R. Hagen, Phys. Rev. D 9, 898 (1974). 

[47] A. I. Pashnev, Theor. Math. Phys. 78, 272 (1989) [Teor. Mat. Fiz. 78, 384 
(1989)]. 

[48] A. Neveu and P. C. West, Nucl. Phys. B 278 (1986) 601. 

[49] D. J. Gross and A. Jevicki, Nucl. Phys. B 283, 1 (1987). D. J. Gross and 
A. Jevicki, Nucl. Phys. B 287, 225 (1987). 

[50] D. J. Gross and P. F. Mende, Nucl. Phys. B 303, 407 (1988). D. J. Gross and 
P. F. Mende, Phys. Lett. B 197, 129 (1987). 

[51] N. Moeller and P. West, Nucl. Phys. B 729, 1 (2005) 

[52] U. Lindstrom and M. Zabzine, Phys. Lett. B 584, 178 (2004) [arXiv:hep- 
th/0305098]. 

[53] G. Bonelli, Nucl. Phys. B 669, 159 (2003) [arXiv:hep-th/0305155]. 

[54] M. A. Vasiliev, Fortsch. Phys. 52, 702 (2004) [arXiv:hep-th/0401177]. 
X. Bekaert, S. Cnockaert, C. Iazeolla and M. A. Vasiliev, [arXiv:hep- 
th/0503128]. D. Sorokin, AIP Conf. Proc. 767, 172 (2005) [arXiv:hep- 
th/0405069]. N. Bouatta, G. Compere and A. Sagnotti, [arXiv:hep-th/0409068]. 



55 



[55] X. Bekaert, I. L. Buchbinder, A. Pashnev and M. Tsulaia, Class. Quant. Grav. 
21 (2004) S1457 [arXiv:hep-th/0312252]. 

[56] E. Sezgin and P. Sundell, Nucl. Phys. B 762 (2007) 1 [arXiv:hep-th/0508158]. 
J. Engquist and P. Sundell, Nucl. Phys. B 752 (2006) 206 [arXiv:hep- 
th/0508124]. A. Sagnotti, E. Sezgin and P. Sundell, arXiv:hep-th/0501156. 
E. Sezgin and P. Sundell, Nucl. Phys. B 644, 303 (2002) [Erratum-ibid. B 660, 
403 (2003)] [arXiv:hep-th/0205131]. J. Engquist and O. Hohm, arXiv:0705.3714 
[hep-th]. J. Engquist and O. Hohm, arXiv: 0708. 1391 [hep-th]. 

[57] I. A. Bandos and J. Lukierski, Mod. Phys. Lett. A 14 (1999) 1257 [arXiv:hep- 
th/9811022]. I. A. Bandos, J. Lukierski and D. P. Sorokin, Phys. Rev. D 61 
(2000) 045002 [arXiv:hep-th/9904109]. M. A. Vasiliev, Phys. Rev. D 66, 066006 
(2002) [arXiv:hep-th/0106149]. V. E. Didenko and M. A. Vasiliev, J. Math. 
Phys. 45, 197 (2004) [arXiv:hep-th/0301054]. M. Plyushchay, D. Sorokin and 
M. Tsulaia, JHEP 0304, 013 (2003) [arXiv:hep-th/0301067]. M. Plyushchay, 
D. Sorokin and M. Tsulaia, arXiv:hep-th/03 10297. I. Bandos, P. Pasti, 
D. Sorokin and M. Tonin, JHEP 0411, 023 (2004) [arXiv:hep-th/0407180]. 
I. Bandos, X. Bekaert, J. A. de Azcarraga, D. Sorokin and M. Tsulaia, JHEP 
0505, 031 (2005) [arXiv:hep-th/0501113]. 

[58] P. West, [arXiv:hep-th/0701026]. 

[59] S. Fedoruk, E. Ivanov and J. Lukierski, Phys. Lett. B 641 (2006) 226 [arXiv:hep- 
th/0606053]. 

[60] R. R. Metsaev, arXiv:0712.3526 [hep-th]. R. R. Metsaev, Nucl. Phys. B 759, 147 
(2006) [arXiv:hep-th/0512342]. E. S. Fradkin and R. R. Metsaev, Class. Quant. 
Grav. 8, L89 (1991). 

[61] B. Sundborg, Nucl. Phys. Proc. Suppl. 102 (2001) 113 [arXiv:hep-th/0103247]. 
[62] A. Mikhailov, arXiv:hep-th/0201019. 

[63] E. Sezgin and P. Sundell, Nucl. Phys. B 644, 303 (2002) [Erratum-ibid. B 660, 
403 (2003)] [arXiv:hep-th/0205131]. 

[64] I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 550 (2002) 213 [arXiv:hep- 
th/0210114]. 

[65] A. C. Petkou, JHEP 0303 (2003) 049 [arXiv:hep-th/0302063]. R. G. Leigh and 
A. C. Petkou, JHEP 0306 (2003) 011 [arXiv:hep-th/0304217]. 

[66] M. Bianchi, J. F. Morales and H. Samtleben, JHEP 0307, 062 (2003) [arXiv:hep- 
th/0305052]. N. Beisert, M. Bianchi, J. F. Morales and H. Samtleben, JHEP 
0402, 001 (2004) [arXiv:hep-th/03 10292]. 



56 



[67] M. Bianchi, P. J. Heslop and F. Riccioni, JHEP 0508, 088 (2005) [arXiv:hep- 
th/0504156]. P. J. Heslop and F. Riccioni, JHEP 0510, 060 (2005) [arXiv:hep- 
th/0508086]. 

[68] D. Anselmi, Class. Quant. Grav. 17 (2000) 1383 [arXiv:hep-th/9906167]. 
[69] M. A. Vasiliev, arXiv:hep-th/9910096. 

[70] R. Manvelyan and W. Ruhl, Phys. Lett. B 593 (2004) 253 [arXiv:hep- 
th/0403241]. T. Leonhardt, R. Manvelyan and W. Ruhl, arXiv:hep-th/0401240. 
R. Manvelyan, K. Mkrtchyan and W. Ruhl, arXiv:0804.1211 [hep-th]. 

[71] S. E. Konstein, M. A. Vasiliev and V. N. Zaikin, JHEP 0012, 018 (2000) 
[arXiv:hep-th/0010239]. O. A. Gelfond, E. D. Skvortsov and M. A. Vasiliev, 
arXiv:hep-th/0601106. 

[72] S. F. Prokushkin and M. A. Vasiliev, Theor. Math. Phys. 123, 415 (2000) 
[Teor. Mat. Fiz. 123, 3 (2000)] [arXiv:hep-th/9907020]. S. F. Prokushkin and 
M. A. Vasiliev, Phys. Lett. B 464, 53 (1999) [arXiv:hep-th/9906149]. 

[73] C. S. Aulakh, I. G. Koh and S. Ouvry, Phys. Lett. B 173 (1986) 284. 

[74] J. M. F. Labastida and T. R. Morris, Phys. Lett. B 180, 101 (1986). 
J. M. F. Labastida and M. Pernici, Nucl. Phys. B 297, 557 (1988). 

[75] L. Brink, R. R. Metsaev and M. A. Vasiliev, Nucl. Phys. B 586 (2000) 183 
[arXiv:hep-th/0005136]. 

[76] C. Burdik, A. Pashnev and M. Tsulaia, Mod. Phys. Lett. A 16, 731 (2001) 
[arXiv:hep-th/0101201]. 

[77] C. Burdik, A. Pashnev and M. Tsulaia, Nucl. Phys. Proc. Suppl. 102, 285 (2001) 
[arXiv:hep-th/0103143]. 

[78] X. Bekaert and N. Boulanger, Commun. Math. Phys. 245, 27 (2004) [arXiv:hep- 
th/0208058]. X. Bekaert and N. Boulanger, Phys. Lett. B 561, 183 (2003) 
[arXiv:hep-th/0301243]. X. Bekaert, N. Boulanger and S. Cnockaert, J. Math. 
Phys. 46, 012303 (2005) [arXiv:hep-th/0407102]. 

[79] C. Bizdadea, C. C. Ciobirca, E. M. Cioroianu, S. O. Saliu and S. C. Sararu, Eur. 
Phys. J. C 36, 253 (2004) [arXiv:hep-th/0306154]. C. Bizdadea, C. C. Ciobirca, 
E. M. Cioroianu and S. O. Saliu, J. Phys. A 39, 10549 (2006) [arXiv:0705.1054 
[hep-th]]. 

[80] I. L. Buchbinder, V. A. Krykhtin and H. Takata, arXiv:0707.2181 [hep-th]. 
P. Y. Moshin and A. A. Reshetnyak, arXiv:0707.0386 [hep-th]. 



57 



[81] K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, Nucl. Phys. B 692, 363 
(2004) [arXiv:hep-th/0311164]. K. B. Alkalaev, Theor. Math. Phys. 140, 1253 
(2004) [Teor. Mat. Fiz. 140, 424 (2004)] [arXiv:hep-th/0311212]. 

[82] K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, [arXiv:hep-th/0601225]. 
K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, JHEP 0508, 069 (2005) 
[arXiv:hep-th/0501108]. 

[83] S. Deser and A. Waldron, Nucl. Phys. B 607 (2001) 577 [arXiv:hep-th/0103198]. 
S. Deser and A. Waldron, Phys. Rev. Lett. 87 (2001) 031601 [arXiv:hep- 
th/0102166]. S. Deser and A. Waldron, Phys. Lett. B 513 (2001) 137 [arXiv:hep- 
th/0105181]. 

[84] T. Saitou, JHEP 0606, 010 (2006) [arXiv:hep-th/0604103]. 

[85] C. Germani and A. Kehagias, Nucl. Phys. B 725, 15 (2005) [arXiv:hep- 
th/0411269]. C. Germani and A. Schelpe, arXiv:0712.2243 [hep-th]. R. Banerjee 
and B. R. Majhi, Annals Phys. 323, 705 (2008) [arXiv:hep-th/0703207]. M. Por- 
rati, [arXiv:0804.4672 [hep-th]]. 

[86] P. Benincasa and F. Cachazo, arXiv:0705.4305 [hep-th]. 

[87] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, Phys. Rept. 
323, 183 (2000) [arXiv:hep-th/9905111]. 

[88] B. de Wit, arXiv:hep-th/0212245. 

[89] C. Fronsdal, Phys. Rev. D 10 (1974) 589. 

[90] J. Thierry-Mieg, Phys. Lett. B 197, 368 (1987). 

[91] I. L. Buchbinder and P. M. Lavrov, J. Math. Phys. 48, 082306 (2007) [arXiv:hep- 
th/0701243]. I. L. Buchbinder and P. M. Lavrov, arXiv:0712.3995 [hep-th]. 

[92] A. P. Isaev, S. O. Krivonos and O. V. Ogievetsky, arXiv:0802.3781 [math-ph]. 

[93] L. D. Faddeev and S. L. Shatashvili, Phys. Lett. B 167 (1986) 225. 

[94] C. Burdik, A. Pashnev and M. Tsulaia, Mod. Phys. Lett. A 15, 281 (2000) 
[arXiv:hep-th/0001195]. 

[95] M. G. Eastwood, arXiv:hep-th/0206233. 

[96] X. Bekaert, arXiv:0704.0898 [hep-th]. 

[97] Y. Kazama, A. Neveu, H. Nicolai and P. C. West, Nucl. Phys. B 278 (1986) 
833. 



58 



[98] L. J. Dixon and J. A. Harvey, Nucl. Phys. B 274 (1986) 93; N. Seiberg and 
E. Witten, Nucl. Phys. B 276 (1986) 272; M. Bianchi and A. Sagnotti, Phys. 
Lett. B 247 (1990) 517; A. Sagnotti, arXiv:hep-th/9509080, Nucl. Phys. Proc. 
Suppl. 56B (1997) 332 [arXiv:hep-th/9702093]; C. Angelantonj, Phys. Lett. B 
444 (1998) 309 [arXiv:hep-th/9810214]; R. Blumenhagen, A. Font and D. Lust, 
Nucl. Phys. B 558 (1999) 159 [arXiv:hep-th/9904069]. 

[99] C. Angelantonj and A. Sagnotti, Phys. Rept. 371, 1 (2002) [Erratum-ibid. 376, 
339 (2003)] [arXiv:hep-th/0204089]. 

[100] D. Friedan, E. J. Martinec and S. H. Shenker, Nucl. Phys. B 271, 93 (1986). 



59 



